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1 Introduction 

In the last few years there has been a quiet revolution in the local theory of current- algebraic 
orbifolds. Building on the discovery of orbifold affine algebras 0121 in the cyclic permutation 
orbifolds, Refs. [3-5] gave the twisted currents and stress tensor in each twisted sector of 
any current-algebraic orbifold A{H)/H - where A{H) is any current-algebraic conformal 
field theory [6-13] with a discrete symmetry group H. The construction treats all current- 
algebraic orbifolds at the same time, using the method of eigenfields and the principle of 
local isomorphisms to map OPEs in the symmetric theory to OPEs in the orbifold. The 
orbifold results are expressed in terms of a set of twisted tensors or duality transformations, 
which are discrete Fourier transforms constructed from the eigendata of the H- eigenvalue 
problem. 

More recently, the special case of the WZW orbifolds 

HciAut{g) (1.1) 

was worked out in further detail [14-17], introducing the extended H -eigenvalue problem 
and the linkage relation to include the twisted affine primary fields, the twisted vertex 
operator equations and the twisted KZ equations of the WZW orbifolds. Ref. [Ej includes 
a review of the general left- and right-mover twisted KZ systems. For detailed information 
on particular classes of WZW orbifolds, we direct the reader to the following references: 

• the WZW permutation orbifolds [14-16] 

• the inner-automorphic WZW orbifolds ^1 

• the (outer-automorphic) charge conjugation orbifold on su{n > 3) ^3] 

• the outer-automorphic WZW orbifolds on so(2n), including the triality orbifolds 
on so(8) 

Ref. P3 also solved the twisted vertex operator equations and the twisted KZ systems 
in an abelian limit"'"^ to obtain the twisted vertex operators for each sector of a large class 
of orbifolds on abelian g. Moreover, Ref. |16j found the general orbifold Virasoro algebra 
(twisted Virasoro operators lUHn]) of the WZW permutation orbifolds and used the general 
twisted KZ system to study reducibility of the general twisted affine primary field. Recent 
progress at the level of characters has been also reported in Refs. |2n | IT| l2 H I22j. 

In addition to the operator formulation, there have been a number of discussions of 
orbifold geometry at the action level. In particular, Ref. also gave the general WZW 
orbifold action, special cases of which are further discussed in Refs. [TKt IT7j . The general 
^^An abelian twisted KZ equation for the inversion orbifold x — > —x was given earlier in Ref. [18|. 
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WZW orbifold action provides the classical description of each sector of every WZW orbifold 
in terms of the so-called group orbifold elements with diagonal monodromy, which are the 
classical (high-level) limit of the twisted afiine primary fields. Moreover, Ref. |2S1 gauged 
the general WZW orbifold action by general twisted gauge groups to obtain the general 
coset orbifold action, which describes each sector of the general coset orbifold Ag/h{H)/H . 
Finally, the geometric description was extended in Ref. [21] to include a large class of 
sigma-model orbifolds and their corresponding twisted Einstein equations. 

In Ref. jSni, the orbifold program was extended beyond the space-time orbifolds above 
to construct a new class of orbifolds called the WZW orientation orbifolds 

H_cAut{g®g) (1.2) 

where H_ is any automorphism group which contains world-sheet orientation- reversing 
automorphisms. The orientation-orbifold sectors which arise by twisting the orientation- 
reversing automorphisms are twisted open WZW strings, each of which comes with an 
extended Virasoro algebra (which is in fact an orbifold Virasoro algebra) at twice the original 
closed-string central charge. The twisted open-string KZ equations of the WZW orientation 
orbifolds combine salient features of the untwisted open-string KZ equations j^H] and the 
closed-string twisted KZ equations [14-17] of space-time orbifold theory. 

The present paper supplements the operator construction of Ref. [231 by discussing 
the target-space geometry of open-string orientation orbifold sectors. In particular, we 
begin by constructing the WZW orientation orbifold action for each open-string sector of 
Ag{HS) / H_. This action, which is a functional of appropriate group orbifold elements, 
is naturally defined on the solid half-cylinder. In a generalization, we also obtain the 
sigma-model orientation orbifold action, which describes a much larger set of open-string 
orientation orbifold sectors - including the open-string WZW orientation orbifold sectors as 
well as the open-string sectors of the general coset orientation orbifold. The corresponding 
orientation-orbifold Einstein equations are also worked out - which hold when the twisted 
open-string sigma model sectors are one-loop conformal. 

The less technically-inclined reader may prefer to look first at Subsec. 5.6, where we 
discuss the simple case of twisted open-string free boson actions - which result from the 
twisting of closed strings on abelian g. 
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2 Group Elements and Group Orbifold Elements 
2.1 Orientation-Reversing Automorphisms 

To fix notation, we begin with the affine Lie algebra [21112110112] associated to Lie{g(Bg) 

[Ja{m), Jb{n)] = ifab'Jci'm + n) + mGab^m+nfl (2.1a) 
[Ja(m), Jb{n)] = i fab" J dm + n) + mGabSm+n,o (2.1b) 
[Ja{m), Jb{n)] = 0, m,nEZ, a, b,c = 1, ... ,dim g (2.1c) 

g = ®I&', fab' = ®lf[^j)^bil)"^'\ Gab = ®lkir]i(^i)^,(^j^ (2.1d) 

where is any simple compact Lie algebra, fab' are the structure constants of g and 
Gab is the generalized metric of affine g. The local currents on the cylinder < ^ < 27r 
corresponding to these modes are: 

UU) = 5^ Ja(m)e-^'-(*+«), JaiU) = 5^ Ja(m)e-^'"(*-^) . (2.2) 

m m 

For the classical dynamics of this paper, we will need the standard'''^ equal-time bracket 
form of affine {g (B g), including the brackets with the WZW group elements g{T) 



{Ja{^, t), JbiV, t)} = 27rZ {fab'MV, t) + Gabdd - T]) 


(2.3a) 


{JaiU), Mv,t)} = 2m {fab'JMt) - Gabd^) 5(e - V) 


(2.3b) 


{Ja{U),Jb{V,t)}=0 


(2.3c) 


{Ja{^, t),g{T, 7],t)} = 27rg{T, rj, t)Ta5{^ - r]) 


(2.3d) 


{ J„(e, t),g{T, ri,t)} = -2nTag{T, r], t)5{^ - r]) 


(2.3e) 


{Jai^, t),g~\T, r^,t)} = -2nTag-\T, r], t)5i^ - r/) 


(2.3f) 


{U^, t),g-\T, r^,t)} = 2ng-\T, r/, t)T„5(e - v) 


(2.3g) 


[Ta, Tb] = tfab'T,, Tr{MTaTb) = Gab, [M, Ta] = 0, [M, g{T, ^, t)] = 


(2.3h) 


g{T) = {g{T)J}, = {(T„)/}, a, /5 = 1, . . . , dim T 


(2.3i) 



where T is any matrix rep of Lie g. As shown in Eq. ()2.3h|) . the representation matrices T 
are normalized with the invertible data matrix M [14] 

M = M{k,T) = ®i-^^, T = ®iT', g{T,U) = ®ig\T',U) (2.4) 

•l-^Our brackets are rescaled by an i so that [,] {,}. 
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which records the affine levels {k} of each simple component of g and the Dynkin indices 
{y} of rep T. The group elements are 27r-periodic 

g{T,C + 27r,t)=g{T,U) (2.5) 
and we will also introduce the following tangent-space form of the group elements 

^7(T,e,t) = e^^"«'*)^% P%^ + 2n,t)=P%U) (2.6) 

where a = 1 . . . dim g are the tangent-space coordinates. 

Then the classical (high-level) limit of the affine primary fields g(T, z, z), g(T, z, z^ of 
Ref. ^5 on the sphere translate into the following forms of the group elements on the 
cylinder 

<?(T,z,^)-^^(T,e,t) = e^^"(«'*)^^ (2.7a) 
g{T, z, -zf ^ g{T, tf = e^^'^-^'^^'^ = e'^^^^-^'^^^^ = g-' (T, -e, t) (2.7b) 

f = -T\ (Ti)/ = (T„)/ (2.7c) 

where superscript t is matrix transpose. 

With the correspondence ()2.7|1 . we may then read off from Ref. the cylinder form 
of the general world-sheet orientation-reversing automorphism = TiX E H_ of affine 

g{T, e, ty = W{h„- T)g-\T, t)W^ih^; T) (2.8a) 
g-\T, -e, t)' = W{h^- T)g{T, ^, t)W\h^- T) (2.8b) 

ty = t)J{h„y, n-i. ty = t)u\h^y (2.8c) 
j,(e, ty = uo{K)j'M-i, t), Ja(e, ty = io{h^)a'M-^, t) (2.8d) 

u{K)a'u{K)b''G,d = Gab. Uj{h^)aMhaVfde' = faMK)d' (2.8e) 

W\K- T)TaW{K- T) = uo{K)J'T, (2.8f) 
u{h,)uj{h„y = ]1, W{h,- T)W\h„- T) = l (2.8g) 
[iy(/i,;T),M(fc,T)] = (2.8h) 

where uj{hfj),W{hfj]T) are the actions of /lo- G Aut{g) in the adjoint rep and in matrix 
rep T respectively. The linkage relation ^3] in Eq. (j2.8f|) guarantees the consistency 
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of Eqs. (2.8a,b) with ()2.8c|) and ()2.8d|) . In what follows, we deal exclusively with the 
orientation- reversing automorphisms ()2.8|) . which lead to open-string sectors. We remind 
the reader however that always contains an equal number of orientation-preserving 
automorphisms, which leads to an equal number of closed-string sectors in each orientation 
orbifold. 

Following the two-component notation of Ref. |2S|, we can further define a matrix group 



element and its tangent-space coordinates: 

9{T, i,t)^{ '^^f _ ° \= (2.9a) 

/?'^'0(e,t)^/5'^(e,t), = /5'^^(e + 27r,t) = /5'^^(e,t) (2.9c) 

~g{T,-i,t)=nr\T,i,t)n (2.9d) 

r'(-e,t) = -r^(e,t)(ri)/ (2.9e) 

[ra, ~g{T, ^, t)] = [M ® h, ~g{T, ^, t)] = (2.9f) 

~giT, e, ty = nW{K- TygiT, e, t)W\K; T)n (2.9g) 

r\T, e, ty = t^W{K- ryg-'ir, e, t)W^{h^; T)^ (2.9h) 

(3''\Uy = (3'''{UWiKy{n)/ (2.9i) 



W\K;T)TaW{K;T)=uj{K)a'n, nptn = {n)jjpj, /,jG {0,1}. (2.10) 
Here r are the Pauli matrices, and the automorphic response (2.9g) of the matrix group 



element is the same as that of the matrix affine primary field in Ref. |25J. The linkage 
relations in ()2.10p guarantee the consistency of Eqs. (2.9g,h) with p.9i|) . The corresponding 
two-component form Jai{(,,t) = (Ja(^,t), Ja{—^,t)) of the currents is discussed in Ref. 

We call attention to the behavior under world-sheet parity ^ —>■ of the matrix group 
element in ()2.9d|) and the tangent-space coordinates in ()2.9e|) . These relations tell us that 
the strip < ^ < vr is the natural fundamental range for the two-component variables. In 
what follows we often suppress the time label t. 
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2.2 Eigengroup Elements 



The orientation-reversing automorphisms in Eq. ()2.9p are now in the proper form required 
for the orbifold program, which follows the dotted line in the commuting diagram O 
of Fig. [U 

g UgW = 9 S 
9 U9U^ = g g 

Each vertical double arrow is a local isomorphism 
g — Lie group elements: mixed under automorphisms 
S = eigengroup elements: diagonal under automorphisms 
g — group orbifold elements 

S = group orbifold elements with twisted boundary conditions 
Fig-E Group and group orbifold elements 

In particular, our next task is the construction of the eigenfields S, for which we will 
need the analogues of the if-eigenvalue problem of Ref. j3] and the extended if-eigenvalue 
problem of Ref. |H| : 

u{h^)U\cx) = U\a)E{a), = 5„(,)/(^)^E„(,) (a) (2.11a) 

W{h^;T)U\T,a) = U\T,a)E{T,a), E(r, = (T, a) (2.11b) 

Sn{r)fi"^^^'' = SiJ.''Sn{r)-n{s),Omod p{a), ^ N {r) fi^ ^^''^ = ^ fi" ^Nir)- N{s),0 mod R{a) (2.11c) 

U\a) = {t/t(a),"Mn, U\T, a) = {U\T, a),^('>} (2.11d) 

E„(,)(a) = e "^VH , E^(,)(T, a) ^ e "^^^W . (2.11e) 

Here p{a) and -R(cr) are the orders of h^j in the adjoint rep and rep T respectively. The 
unitary eigenvector matrices W{a), f/^(T, a) are periodic 

n(r) ^ n{r)±p{cr), N{r) N{r)±R{a) (2.12) 

in their respective spectral indices n{r) and N{r), and the same is true below for any object 
with these indices. In what follows, the barred quantities n{r) and N{r) are the puUbacks 
of the spectral indices to their fundamental ranges 

_ nM _ I n(r) I jV(r) _ N(r) i N{r) i 
p(cr) ~ p{a) Lp(cr)J' R{a) ~ R{a) I R{a) i y^.LOd.) 

n{r) G {0, . . . , p{a) - 1}, N{r) G {0, . . . , R{a) - 1} (2.13b) 
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where \_x\ is the floor of x. Explicit solutions of these eigenvalue problems are given in 
Refs. [3,5,14-17]. 

For this discussion, we will also need the standard duality transformations El E] or 
twisted tensors of sector a 

= Gn{s)u;n{r)fi{'^) = ^n{r)+n{s),Omod p{a)Gn{r)fj,;-n{r),ui'^) (2.14a) 
^n(rV;n(s)"^*-''^(0- ) = X{<y)nir)i,X{<j)n{s)uX{'^)~lt)5^ )n{r)^i''U ((T )n{s)J' fab'U^a 

= — ^n(s)i';n(r)/?''*^'^(0") = '^n(r)+n{s)-n(t),Omod p{o-)^n(r)/i;n{s)"'''''''^"*''*'''^ (o") (2.14b) 

r„(,)^(T, a) = x(a)„(,)^t/(a)„(,)/f/(T, a)T,f/t(T, a) (2.14c) 
K(r)(o-)*r„(,)^(T, a) = E{T, a)r„(,)^(T, (r)E*{T, a) (2.14d) 

[Xi{r)ti{T, a),%,(s)u{T, a)] = 'iJ^n(r)M;n(s) "^'''■''^"^''''''^(cr)'^(r)+n(s),5(7', Cr) (2.14e) 

M{T{T, a), a) = U{T, a)M{k, T)U\T, a) (2.14f) 
[M{T{T,a),a),%^r),{T,a)] = [M{T{T,a),a), E{T,a)] = Q (2.14g) 

(a) (2.14h) 

which are well-known in ordinary (space-time) current-algebraic orbifold theory. Listed 
here in particular are the twisted structure constants J-'{o'), the twisted representation 
matrices T (which satisfy the orbifold Lie algebra g{a) in ()2.14ep ). and the (invertible) 
twisted data matrix A4 - where xi^)n(r)^i arbitrary normalization constants. These 
duality transformations have been evaluated [3,5,14-17] for all basic orbifold types, except 
for a few outer-automorphic orbifolds of Z2 type. In the case of permutation-invariant 
systems 
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ki = k, T' (2.15) 



one has M{k,T) oc 1 and the twisted data matrix satisfies Ai(T,a) = M{k,T). 
We are now in a position to define the eigengroup elements 

9{T,^,a)^UU{T,arg{T,0U\T,a)U^ = ( l^'^^^'i'''] ] (2.16a) 

V S(i)(T,^,a) 3(0) (T,^, a) J 

Sh(T, e, a) ^ if/(T, a) {g{T, ^, t) + {-lTg^\T, t)) U\T, a), u = 0,l (2.16b) 
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[n, g(T, a)] = [M{T, a) ® h, S(T, a)] = (2.16d) 
f/ = f/t = i= 1^ I j , Tif/t = f/trg (2.16e) 

which (hke the matrix group elements) are also two-component fields. The eigengroup 
elements are the high-level limits of the eigenprimary fields of Ref. Here W plays the 
same role in the two-dimensional space that f/^(T, a) plays in the space of rep T, and the 
product f/^(T, a)W plays the role of the total W shown in Fig. ^ The form of the inverse 
in ()2.1ficj) follows directly from Eq. (j2.9d|l . but further non-local quadratic relations can be 
obtained by comparing this form with ()2.16a|) . 

The eigengroup elements are defined to diagonalize the action of the automorphism ha- 



g(r, a)' = r;E{T, a)S{T, ^, cx)E*{T, cx)r, (2.17a) 
S-\T, a)' = nE{T, a)r\r, i, a)E*{T, a)r3 (2.17b) 
g(„) (T, e, a)' = (-l)"i?(r, a)9iu) {T, ^, a)E*{T, a) . (2.17c) 

At the tangent-space level, one finds the corresponding structure 

g(T(T,a),e,f^) = e^''""'"'"^«''^^^"M-^'^''^\ T„(,)^„(r, a) = T„(,)^(r, a)r„, u = 0,l (2.18a) 

To = 11, T= Pauli matrices (2.18b) 
b"M'^-(e,a) ^ /3"'(0x(a);(l),f/n^)a"(^)^(;^(f/^),") 

= I {no + x(-)4),f/^(^)a"^'-^'^ (2.18c) 

= i (b"(")^(^, a) + (-l)«+ib"('')'^(-e, a)) (2.18d) 

b"M^(e, a) ^ /5'^(0x(^);(l),^Ua),'^M'^ (2.18e) 

b"(")^"(-e, fx) = (-i)«+ib"(")^"(e, (x) (2.18f) 

^-M/^-(^^^y = ^nMA««(^^^)e2M^(,) + 2) (2.18g) 

in terms of the tangent-space eigencoordinates b. The world-sheet parity ()2.18t|) of the 
tangent-space eigencoordinates implies the world-sheet parity (j2.16cj) of the eigengroup 
elements. With the T-selection rule ()2.14d|) . the (diagonal) automorphic response (|2.18g) 
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similarly implies the automorphic response ()2.17a|) of the eigengroup elements. We also 
note that the total twisted representation matrices in ()2.18aj) satisfy the total orbifold Lie 
algebra go{<^) of sector ha 

[%i{:r)iiu{T , a) ,Tn[s)^v{T , a)] = iJ^n(r)pL-,n{s)u^^'^^^'^^''^'^ {.0-)Tn[r)+n{s),&,u+v{T,a) (2.19a) 
Tr [{M ® t2)Tn{r)iiu{T, a)X(^s)uv{T, a)) = Gnir)i,u;n{s)i^v{(^) (2.19b) 

= 25„+„,0mod 2^ra(r)/x;n(s)i/(<7) (2.19c) 

where J-'{cr) are the twisted structure constants defined in ()2.14b|) and G{cr) in ()2.19b|) is 
the total twisted metric of sector h^j. 

2.3 Group Orbifold Elements and Definite Monodromies 

We now invoke the principle of local isomorphisms [3 IHl ^] to go from the eigenfield 
formulation to twisted open-string sector h^j of the orientation orbifold 

g(r, t, a) g{T, t, a), b(e, t, a) ^ /3(e, t, a) (2.20) 

where g and (3 are respectively the group orbifold elements and the twisted tangent-space 
coordinates of sector h^-. Both of these twisted fields inherit the index structure and the 



constraints of the corresponding eigenfields 

g{r, e, a) = {g{r, ^, a)^^^),!^^'^''} (2.21a) 

[A^®]l2,^(r,e,a)]=0 (2.21b) 

[n,g{T,^,a)] = (2.21c) 

g{r,~^,a)=Tsr\T,^,a)T, (2.21d) 

g{T, -e, cr)^M^.^(^)'^^ = (-l)"-^r '(T, cr)Mir),u''^'^'''' (2.21e) 

g{r, a) = e^/^""-"'"(€'-)^"('-)..m-) (2.22a) 

(3'''^'^'>^'''{-^, a) = (j)^ -u = 0, 1 (2.22b) 



where Eq. (j2.22a|l is the twisted tangent-space form of the group orbifold element. The 
tangent-space form guarantees that the group orbifold elements form a group because the 
total matrices T satisfy the total orbifold Lie algebra go{<^)- Moreover, Eqs. ()2.22ap and 
()2.22b|) together satisfy all the conditions on g in Eq. ()2.2H) . Finally, the world-sheet parities 
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()2.21d|) and ()2.22b|) tell us that the natural range of ^ is the strip < ^ < tt, and restriction 
to the strip is equivalent to the conventional orbifold identification — ^ ~ ^. 

The relations ()2.21|) also give the more explicit two-component structure of the group 
orbifold elements 

9{^,^,^)=\ ' /n- ^ ^ y in- ^ X ' \^^9{u)\J ,i,(y)\=^ (2.23a) 



(2.23b) 



g{T, o-)^(,)^„^(^)^^ = (T, a)^(,)/W^ (2.23c) 
r'(r,e,a);vM^.^W'^'' = (-l)«-^(„_,)(T,-e,a) (2.23d) 

and the form ()2.23bjl of the inverse implies the further non-local quadratic relations 

^(o)(^, ^, c^)^(o)(^, f^) - ^(i)(^, ^, a) = 1 (2.24a) 

^(0) (T, e, a)^(i) (T , -e, fx) - ^(1) (T, a)^(o) (T , -e, a) = (2.24b) 

among the reduced components g(^u) of the group orbifold elements. 

In addition to these properties, one may attempt to impose definite monodromies on g 
and P, as they would follow from Eqs. ()2.17a|) . p.lSgj ) by a standard application of local 
isomorphisms 

automorphic responses of S, b — > monodromies of g,/3 (2.25a) 

g{T{T, a), e + 2vr, a) = nE{T, a)g{T{T, a), a)E*{T, a)Ts (2.25b) 
g-\T{T, a), e + 27r, a) = t;E{T, a)g-\r{T, a),^, a)E*{T, a)r3 (2.25c) 

•XT / \ rt ■ / N(r) — N(s) . u — v \ R7-/\ 

sir, e + 277, a);v(OM«^^^^'^^ = e-''^*(^^+— )^(r, ^, a)^(,)^„^(^)'^^ (2.25d) 
^(,) (r(T, a), e + 27r, a) = (-1)"E(T, a)^(,)(r(T, a), ^, a)E*(T, a) (2.25e) 

^n(r)M«^^ + 271, a) = /3"('^)'^"(e, a)e'"'^?M+^) (2.25f) 

where the eigenvalue matrix E{T,a) is defined in Eq. (12.111) . As above, Eqs. ()2.25f|) and 
the T-selection rule ()2.14d|) imply Eq. ()2.25b|) . and moreover, all these monodromies are 
consistent with each other. 
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In Ref. however, we argued from the twisted currents (see Subsec. 3.3) that the 
group orbifold elements in the open-string sectors of the WZW orientation orbifolds have 
the definite monodromy (j2.25b|l only in the case 

hl = l, E\T,a) = l, f}G{0,i} (2.26) 

and will have mixed monodromy when h"^ ^ 1. 

We present here another version of this argument which shows that the definite mon- 
odromies in Eq. ()2.25p are not consistent with the world-sheet parities ()2.21d|) . ()2.22b|) 
beyond the case hi = 1. 

To find this inconsistency, consider generic orbits of the world-sheet parity and mon- 
odromy, following the steps: 

g{T{T, a), ^, a) = t;E{T, a)g{T{T, a),^- 2n, a)E*{T, a)T, (2.27a) 

= E{T, a)r\T{T, a), 27r - a)E*{T, a) (2.27b) 

= T,E\T, a)g-\T{T, a), cr)E*\T, cr)Ts (2.27c) 

= E\T, a)g{T{T, a), a)E*\T, a) (2.27d) 

_ _ 27r)e^"*^^+t) (2.27e) 

= -/3"(")^"(27r - Oe'"'^ (2.27f) 

= -/3"(")^"(-0e^"'^(-l)" (2.27g) 

= /3"('')'^"(e)e'"'^ . (2.27h) 
These relations are easily expressed as the selection rules 

^(T(T,a),e,a)^M,.^W-(l -e-^-^(^^)) = 

g{T{T, a), a)^^^^^^^)'^'^ = unless ^^^^^ G (2.28a) 

/3"(")^"(e, a)(l - e^"'^) = ^ /5"(")'^"(e, cr) = unless ^ G (2.28b) 

which are again consistent with each other by the T-selection rule ()2.14d|) . The selection 
rules tell us however that the twisted fields with world-sheet parity and definite monodromy 
can have no support beyond the case /i^ = 1 in Eq. ()2.26|) . 

This conclusion is a restriction 25j on that part of the principle of local isomorphisms 
which deals with the monodromies of open-string group orbifold elements, so that the 
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correct form of Eq. ()2.25a|) for the open-string sectors of the orientation orbifolds is: 



hi = 1: automorphic responses of S, b — > monodromies of g,P . (2.29) 

We emphasize with Ref. 125^ that all the other results obtained by eigenfields and local 
isomorphisms hold for all h^r - except for the definite 27r-monodromy ()2.25j) . which holds 
only for = 1. 

In spite of the absence of definite 27r-monodromy for g when /i^ 7^ 1, each sector h^j = 
Tixhcr is a twisted open string because each sector contains at least some fractionally-moded 
twisted currents (see Subsec. 3.4). 

For completeness, we finally note that the class of /i^ = 1 open-string sectors can be 
subdivided into two cases [23] 

K = l: p(a) = 1, uj{K) = 1, n{r) = N{r) = (2.30a) 
hl = l, K^l: p(o-) = 2, uj{Kf = 1, n(r), N{r) E {0, 1} (2.30b) 

where (I2.30a|) is the basic open-string sector, and ()2.30b|) collects the generic open-string 
sectors with h'^ = 1. We will return to further discuss the special properties of the class 
hi = 1 in Subsec. 3.5. 



3 Actions and Boundary Conditions on the Solid Half Cylinder 

Our next task is to find the action which describes the open-string WZW orientation- 
orbifold sectors above. In order to apply the method of eigenfields and the principle of 
local isomorphisms to this problem, we will first rewrite the standard WZW action in an 
unconventional but equivalent form on the solid half cylinder ri/2 (see Fig. |2I). 

t 




Fig.H The Solid Half Cyhnder 
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3.1 WZW Action on the Solid Half Cylinder 

The standard untwisted WZW action \29\ IHU] on the solid cylinder F is easily generalized 
to semisimple g J3] 

Swzw[M,g;T] = -i- jdtj^^d^Tr {M{g-\T,0d+g{T,09-\T,0d^g{T,0)) 

--^ljr(^M{g-\T,Odg{T,OY), = d, ± (3.1) 

where the data matrix M is defined in Eq. ()2.4|) . As usual, the integration over F in the 
WZW term involves J dt J dp, where p is the radial coordinate. Using the properties 
of M in Eqs. fl2.5|l and 1)2.111) . cyclicity of Tr, and 27r-periodicity in the form 



/(e + 2vr) = /(O ^ / d^fi-0= d^fiO (3.2) 

Jo Jo 

it is then straightforward to check that the WZW action is invariant 

Swzw[M, g'; F] = Swzw[M, g; F] (3.3) 

under the general orientation-reversing automorphism in Eq. ()2.8j) . 

The WZW action can in fact be reexpressed in terms of the matrix group element g on 
the solid half cylinder F1/2 

Swzw[M0l2,g;Ti] 

2 

= jdt j\fr{{M(i^l2) {g-\T,Od+~g{T,0~g-\T,Od-giT,0)) 

~ ^ j^fr (^{M (E)h) {g-\T,0d~g{T,0f) = Swzw[M,g-,T] (3.4) 



2 



where integration over F1/2 involves J dt j^d^ J dp. To see this equality for the WZW term 
in particular, follow the steps 

7(t, e, p) ^ e^^'^Tr {Mg-\T, 0dA9{T, 09'\T, OdngiT, 09~\T, 0dc9iT, 0) (3.5a) 

{A,B,C} = {t,^,p}, e*«^ = l (3.5b) 
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fdt [ [dp (7(t, P) + lit, -e, p)) (3.5c) 



= ^ fr(^{M®h){r\T,0d9{T,0T) (3.5d) 

2 

where 27r-periodicity of the quantity ■y(t,C,,p) was used to obtain ()3.5c|l . For the last 
equahty, the reader may find it helpful to use the form (j2.9ap of the matrix group element 
to write out ()3.5d|) as a sum of two traces Tr and use cyclicity. A similar argument suffices 
to rewrite the kinetic term of the WZW action as 

J^^^J/^ [^^ (^'^ {9'\T,0d+giT,0g-\T,0d^giT,0)) + ^ -O] (3.6) 

which sums to the g form of the kinetic term in Eq. ()3.4|) . 

The ri/2 form ()3.4|) of the WZW action is transparently invariant under the two- 
component form ()2.9|) of the general orientation-reversing automorphism, this time without 
use of periodicity. For reference below, we also note that both integrands in the action ()3.4j] 
are even under world-sheet parity C, ^ 

The next step in the orbifold program is to express the ri/2 form ()3.4|1 of the action in 
terms of the eigengroup elements 

Swzw[M ^l2, 9; Ti] 

2 

~ / ^ (^-^ ® I2) {9-\T, Od9iT, OY) = Swzw[M ® h, ~9{9)\ T 



(3.7) 



where the eigengroup element 9 and the twisted data matrix M. are defined in Eqs. ()2.16ap 
and ()2.14f|) respectively. Using the properties of in Eq. ( |2.14g ), this form of the WZW 
action is invariant under the diagonal action (|2.17p of the orientation-reversing automor- 
phism. 
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3.2 The WZW Orientation-Orbifold Action 



We are now prepared to apply the principle of local isomorphisms to the eigengroup ele- 
ments S in the context of the half-cylinder WZW action ()3.7|) 

g(r,e,t,(T) ^ g{T,i,t,a) (3.8a) 

cr 

Swzw[M® 12, %;Ti] ^ ®]l2,^;ri] (3.8b) 

2 2 

where g{'T , ^, t, a) are the group orbifold elements of Sec. 2. This gives the WZW orientation- 
orbifold action of open-string sector on the solid half cylinder ri/2 

Sgo{.)[M(^l2,g;Ti] = 

2 

-i- JdtJkTr{{M®l2) [g-\T,i)d+g{T,i)g-\T,i)d^g{T,i))) 

jjr{{M® \) {g-\r,Odgir,OY) (3.9a) 



127r 



2 



giT,-^,a)=r,g-\T,^,a)T3 (3.9b) 

[n, ^(T(T, a), e, ^)] = ® ]l2, ^(T(T, a), e, a)] = (3.9c) 

where the second term in Eq. (j3.9a|) is the orientation- orbifold WZW term. Here we have 
followed the convention of the orbifold program |2Sl 121] in labelling the orientation- 

orbifold action of sector h„ by its associated orbifold Lie algebra goi<^) in ()2.19ap . It is 
not difficult to check with Eq. ()3.9b|) that each integrand in this action is symmetric under 
world-sheet parity C, ^ 

Although the WZW action ()3.4|1 and the WZW orientation-orbifold action ()3.9|1 are 
both defined on the solid half cylinder ri/2, only the latter truly describes an open string. 
The fundamental reason for this is that the orientation-orbifold sector has only a single 
untwisted Virasoro algebra [25j, which we will review at the classical level in Subsec. 3.4. 

The WZW orientation-orbifold action ()3.9p . which describes all open-string WZW 
orientation-orbifold sectors, is a central result of this paper. Closed-string sectors of the 
WZW orientation orbifolds are described by the standard WZW orbifold action [T3j. 



3.3 Variation of the Half-Cyhnder Actions 

In this subsection, we study the variation (with special attention to boundaries) of the half- 
cylinder form of the WZW action ()3.4j) and the WZW orientation-orbifold action ()3.9|) . 
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For brevity, we will study only the WZW orientation-orbifold action explicitly, but the 
same steps can be followed for the simpler case of the WZW action by the substitution 
Ai — * M, g —>■ g. For this discussion, we will need the general variations 

6f? {{M ® l2)9-'d+gg-'d-g) 

= -fr [{M ® h) (5- {g-'d+g) + 5+ {r'd^g)) r'Sg] 

+ 27> [{M ® h) {dt {g-%gg-'6g) - (g-'d^gg-'Sg))] (3.10a) 
e^Bc^jT ^ i^)g-^dAgg-'dBgr'dcg) = OaR'' (3.10b) 
rA ^ ^^^ABCjT ^^j^ ^ %)g~^dBgr^dcgr^5g) (3.10c) 

= ^-fr [{M ® I2) {d^{g-'d+g) - d+{g-'d^g))] (3.10d) 
which are standard in WZW theory, except that we have kept the total derivative terms in 

Eq. dsiniD. 

Using the world-sheet parity ()3.9b|) and cyclicity of Tr, we can now verify the following 
behavior under world-sheet parity 

m) ^Tr{{M® t2)g-\i)dm)r\om)) (s.na) 

= Tt{{M® %)g{-i)dfg~\-i)g{-05r\-i)) 
= Tt{{M® %)g-\-i)dfg{-i)g-\-m{-i)) 
= -K{-0 (3.11b) 

^t,P(^) = = -i?«(-0 (3.11c) 

where K{^) appears in the variation ()3.10ap of the kinetic term, and R{^) is defined in 
Eq. dSIIED. 

The variation of the WZW orientation-orbifold action now proceeds as usual, requiring 
that the bulk and boundary terms cancel independently. 

The boundary contribution of the total derivative term in Eq. ()3.10ap to the variation 
of the kinetic term in the action ()3.9|) is 

j- jdt^d^f? (dS-'d^gg-'Sg)) = ^ jdt [k{Ti) - K(o)) = (3.12a) 

ki^-K) = k{0) = (3.12b) 
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where Eq. ()3.12b|) is the local form of the variational boundary condition. The boundary 
condition at ^ = can also be obtained immediately from the world-sheet parity ()3.11b|l . 

For the variation of the orientation- orbif old WZW term in ()3.9|) . it is convenient to 
introduce the standard Cartesian coordinates (x, y, t) shown in Fig. 2. In these coordinates, 
the flat side of ri/2 is the plane = 0, which is composed of the two half-planes at ^ = 
and at ^ = TT. Then the boundary contribution from the flat side of ri/2 is 

^1/1^=0 = ^?' ^y\^=^ = -^^ (3.13a) 
f OaR^ = [ dS-R= fdt [ diRP+ [ dtdx{-eyR) (3.13b) 

Jvi Jdri J Jo Jy=0 

^ dtdx (^-ey -RJ = dtdx (^R^{7r) - i^^O)) = (3.13c) 

#(7r) = i?«(0) = (3.13d) 

where Cj denotes the unit vector in the i direction. At ^ = 0, the local form of this variational 
boundary condition also follows immediately from the world-sheet parity ()3.11cj) . 

The local forms of the boundary conditions in Eqs. (j3.12b|l and (j3.13djl are important 
parts of the description of the WZW orientation- orbif old branes, on which the twisted open 
WZW strings end (see also Subsecs. 3.4 and 3.5). 

Having dealt with the boundary terms, this leaves only the total bulk contribution 

SSg^i.)[M ® h,g;Ti] = i- jdt l^d^T? {{M ® l2)d^{g-'d+g)g-Hg) (3.14) 

to the variation of the WZW orientation-orbifold action. Then, because the invertible 
matrix Ai commutes with the group orbifold elements, we find the open-string equations 
of motion 

a_ J(r, t) = 0, J(T, t) = -lg-\r, t)d+g{T, t) (3.15a) 

dJ{T,U) = (3.15b) 

J(r, e, t) = -'-g{T, e, t)d^g~\r, e, t) = nJ{T, -e, t)T, (3.15c) 

[M ® h, J{T)] = [M® HV] = K JiV] = K HV] = (3.15d) 

where J{T), J{T) are the twisted open-string matrix currents. As indicated in ()3.15b|) . 
J(T) conservation follows from the conservation of J{T). The world-sheet parity relation 
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()3.15c|) between J and J follows from Eq. ()2.21d|) . and this relation tells us that the twisted 
currents share the same set of twisted current modes (see the following subsection), as is 
appropriate for open strings. The twisted matrix currents are also two-component fields, 
and we find in particular 

i(r,e,t)^n^°^J^'^'^! '^^^l^'^'ll (3.16a) 

^ ' V ^(i)(T,e,t) J(o)(r,e,t) ; ^ ' 

j{r,u)=( ^''^^'^''^''^ -J(i)(r,-e,t) \ 
^ ^ V ^(o)(T,-e,t) ; ^ ^ 

. 1 

J(„)(T, e, t) = Y^i-^Tk^) (T, -e, t)d+g(^u-v) (r, U), u = 0,l. (3.16c) 

where the reduced components ^(u) of the group orbifold elements were defined in Eq. ()2.23|) . 

Returning to the simpler case of the ri/2 form ()3.4|) of the untwisted WZW action, we 
find that the bulk contributions to the variation give the classical equation of motion 

d4~g-\T,U)d+~g{T,U)) = (3.17) 

which implies the conservation of the usual untwisted left- and right-mover WZW currents. 
We can also explicitly verify the required local boundary conditions 

K{7r) = K{0) = 0, R^iir) = i?«(0) = (3.18) 

from the world-sheet parities 

K{0 = -K{-0, R^'^iO = R'''{-0, rHO = -RH-0 (3.19) 

and the 27r-periodicity of the untwisted fields. Here the quantities K, R are obtained from 
those in Eqs. ()3.10p . ()3.11|) by the substitution Ai ^ M and g ^ g. 

The variational boundary conditions ()3.12b|) , ()3.13d|) can also be explicitly verified from 
the monodromies in the case h?„ = 1 (see Subsec. 3.5). 



3.4 More about the Twisted Open-String Currents 

In this subsection, we further discuss the classical forms of the twisted open-string currents 
and their corresponding twisted open-string stress tensors. 

We begin this discussion by noting that the functional form of the twisted currents 
in (3.15a,c) can be rewritten as the classical equations of motion of the group orbifold 
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elements: 

d+g{r, t) = 2tg{r, ^, t) J(T, t), d.g{T, ^, t) = -2tJ{T, ^, t)g{r, ^, t) (3.20a) 
J(r, t) = J„M^„(e, t)g-^'^f^^-^<'^^^ia)X^s)ur. (3.20b) 

J(T, t) = Jnir),u{-^, t)6^"(^^'^"^"(^^'^^'(a)^n(s).(-l)V, (3.20c) 
^n(r-)^.;n(.)..(^) = i5„+.,0mod a^^^^'^^'^'^^^^'^ (ci) (3.20d) 
^n(r)A(;n(t)<5(0")^"*-*^'''"^'''"'(cr) = 6 6n{r)-n{s), mod p{a) ■ (3.20e) 

In this system, the index-current expansions (3.20b,c) of each matrix current are taken from 
the high-level limit of the corresponding twisted vertex operator equations in Eq. (6.1) of 
Ref. As expected, the index-current expansions of J and J satisfy the world-sheet 

parity relation in Eq. ()3.15c|l . 

For completeness, we also read off from Ref. (2^ the bracket form of some important 
algebraic relations 

Jn(r),u{^,t,a) = J2 4(r)Mn(m+^ + |)e-^("^+^+^^(*+«\ u = 0,l (3.21a) 

m 

Jn(r)^«(e + 27r,t,a) = e '"'^"W^^ V„(,)^„(e, t, a) (3.21b) 

{<^n(r)/iM('^+^^+ 2)) ■Jn{s)uvin'+-^^+2)} 

— n{r)^i\n{s)u \0)Jn{r)+n{s),5,u+v\ii''^ii'^ -j;^ 1 —) 

+ ^"^+^ + 1 ^'^m I ra I "('•)+"('') I u+v Qi^Su+v.Omod 2Gn(r)fi:n(s)u{<7)) (3.21c) 

p{(7 ) 2 ' 

{Jnir),uim+^ + ^),giTiT),^,t)} = giTiT),^,t)iT^^^^^^^^ 

-(r„(,)^(T)(-l)V„)^(r(T),e,t)e^^"+^+^)(*-«) (3.21d) 

where the mode expansion (j3.21aj) and the monodromy ()3.21b|) of the currents are valid 
for all her, without restriction to /i^ = 1. Note that the open-string twisted current algebra 
Qo{<^) in ()3.21c|) shares the same twisted structure constants J^{(j) with the orbifold Lie 
algebra go{(^) in ()2.19a|l . and that as expected for open strings, the twisted currents act 
simultaneously as left- and right-movers in Eq. (j3.21djl . Moreover, because u takes the 
values and 1, each open-string sector contains fractionally- moded currents. 

We also note the monodromy of the twisted open-string matrix currents pS] 

J(T(T, a), e + 2n, t) = rsE{T, a)J{r{T, a),i, t)E*{T, a)T, (3.22a) 

J(r(T, a), e + 2n, t) = rsE*{T, a)J{r{T, a), t)E{T, a)r^ (3.22b) 
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which follow (by the T-selection rule ()2.14d|) ) from the monodromy ()3.21b|) of the index 
currents - and hence are also true for all ho-- 

With Ref. [23], we emphasize that the definite but clashing monodromies ()3.22j) of 
the twisted open-string matrix currents are precisely the reason that the group orbifold 
elements g cannot have definite monodromy beyond h"^ = 1. 

Using the general monodromies ()3.22|1 and the world-sheet parity ()lll5c|l . we may now 
give the boundary conditions of the twisted currents on the strip: 

J(r(T),0) = r3J(r(T),0)r3 (3.23a) 
J(r(T), n) = E*{T, a)J{r{T), n)E{T, a) . (3.23b) 

In addition to the variational boundary conditions of the previous subsection, these twisted 
current boundary conditions should be included as another important part of the descrip- 
tion of the orientation- orbifold branes in open-string sector h^. 

As promised, we finally mention the classical form of the twisted open-string stress 
tensors 

1 

e„(e, t, a) = ^g;"M'^^"W-(a) J2 Jn(r),v{^, t, a) J„(,),,„_,(e, t,a), u = 0,l (3.24a) 

?;=0 

a_e„(e,t,a) =0 (3.24b) 

e„(e + 27r, t, a) = (-l)"e,(e, t, a) (3.24c) 

Q,{^,t,a) = ^Y. ^«(^+ |)e-^('"+t)(*+0 (3.24d) 

m 

{L,(m + |), L,(n+|)} = {m-n + ^)L^+,{m+n + ^^) (3.24e) 

where Eq. (|3.24ap is the classical (high-level) limit of the twisted operator stress tensors of 
Ref. E5]. The unique physical stress tensor of sector h^ is the component 6o(^,t,cr) with 
trivial monodromy. Following Ref. we emphasize that the classical form ()3.24ep of 
the orbifold Virasoro algebra^^ correspondingly contains only the single classical untwisted 
Virasoro subalgebra generated by {Lo(m)} - which tells us that sector h^ is a twisted open 
string. 

•t^The operator form of the orbifold Virasoro algebra is given in Ref. |2H1) where we discuss the quantum 
doubling c = 2c of the closed-string central charge c. 
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3.5 More about the Branes when = 1 



In our discussion above, we have given two important parts of the description of the WZW 
orientation-orbifold branes for all h^j, namely the variational boundary conditions in Sub- 
sec. 3.3 and the twisted current boundary conditions in Subsec. 3.4. In what follows, we 
consider further structure of the branes, concentrating primarily but not exclusively on the 
case hi = 1. 

For the case = 1, the monodromies in ()2.25|) give us a simple way to determine the 
boundary conditions of the twisted fields g,f3 on the strip 0<^<7r. As in Subsec. 2.3, we 
consider the combined action of the world-sheet parity (j2.21djl and the monodromy ()2.25bj) 
of the group orbifold elements, this time for the special orbits associated to ^ = and vr. 
This gives the boundary conditions on the group orbifold elements 

g-\T{T, a), 0, a) = T,g{T{T, a), 0, a)T, (3.25a) 
hl = l: g-\nT, a), vr, a) = E{T, a)g{T{T, a), tt, a)E*{T, a) (3.25b) 

which describe further structure of the branes at the ends of each twisted open string. The 
boundary condition ()3.25aj) at ^ = follows immediately from the world-sheet parity, and 
hence holds for all h„, while the following steps for = 1 

g-\r{T), tt) = T,E{T)g-\r{T), -rf)E*{T)rs = E{T)g{r{T), rr)E*{T) (3.26) 

were used to obtain the boundary condition at ^ = tt. 

Moreover, the ri-constraint ()2.21c|) holds for all h„ in the bulk and at the boundary 

[n,g{r{T,a),0,a)] = 0, [n, ^(T(r, a), vr, a)] = (3.27) 

which allows us to rewrite the boundary conditions in Eq. ()3.25|) in terms of the reduced 
components -u = 0, 1 of the group orbifold elements: 

[^(o)(r),^(i)(r)] = 0, ^(o)(r)2 - g^,^{Tf = i at e = o (3.28a) 

^(o)(T(T))E(T)^(o)(T(T))+^(i)(T(T))i?(T)^(i)(T(T))= E{T) ) 
g^o){T{T))E{T)ga^{T{T))+g^,){T{^^^^ J^^ 

To see Eq. fl3.28|) . begin by multiplying both sides of ()3.25a|) and ()3.25b|) by g; this set 
of boundary conditions can also be understood as the residuals at the boundaries of the 
non-local quadratic relations in Eq. ()2.24j) . As above, the relations in (j3.28bjl apply only 
to the case = 1. 
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For the twisted tangent-space coordinates (3, we find the corresponding boundary con- 
ditions: 

/3"(")'^°(0,(t) = (3.29a) 
hl = l: /3'^(")'^"(7r, (t) = unless ^ e Z + i . (3.29b) 

The resuh in Eq. (I3.29aj) holds for all h„ because it is obtained directly from the world-sheet 
parity ()2.22b|) at ,^ = 0, while the following steps 

^n(rv«(^^ a) = /5"('')^"(-7r, a)e'"*(^+^^ = -/^"('■^^"(vr, a)e'"'^ (3.30) 

give the result in Eq. (j3.29bjl for h\ = 1. We remark that the result in Eq. (j3.29bj) can 
be solved simply as /5°^"(7r,cr) = 0, but the more abstract language of ()3.29b|) will be 
useful below. With the tangent-space form of g in ()2.22a|) and the T-selection rule ()2.14d|) . 
it is not difficult to check that the [3 boundary conditions ()3.29|) imply those of g{T) in 
Eq. (IT^ . 

The special orbits also allow us to derive boundary conditions for derivatives of the 



twisted fields, for example: 

(aj/3"('^)^°)(0,a) = (3.31a) 

hl = l: (at/3"('')'^")(7r, a) = unless G Z + i (3.31b) 

^^^^n(r-)Ml)^0,a) = (3.31c) 

hl = l: (95/3"(")^")(7r, a) = unless ^ G Z . (3.31d) 



We note in particular that the dt(3 boundary conditions are the same as those of (3. The 
boundary conditions obtained in this way for dtg and d^g are more complicated however, 
except when taken in the combinations which correspond to the twisted currents (see Sub- 
sec. 3.4) and the variational boundary conditions (see Subsec. 3.3). 

We may also use these h"^ = 1 monodromies to explicitly verify, for this specific case, 
various properties given above for all her. For example, the monodromies of the twisted 
currents 

J(r(T, a), e + 2n, t) = rsE{T, a)J{r{T, a), t)E*(T, a)T; (3.32a) 

J(r(T, a), e + 27r, t) = t,E{T, a)J{r{T, a), t)E*{T, a)T^ (3.32b) 

follow from the g monodromies (j2.25j) and the g forms of the twisted currents in Eq. (j3.15|) . 
The monodromies ()3.32j) agree with the general monodromies ()3.22|) of the twisted currents 
when hi = 1, E{T,af = 1. 
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Finally, we explicitly check the variational boundary conditions ()3.12b|) and ()3.13d|) at 

K{7v) = R^{n) =0. (3.33) 

In fact, these boundary conditions follow immediately when = 1 from the world-sheet 
parities in Eq. ()3.1H) and the trivial monodromies 

K(e + 27r) = K(0, R^i^ + 27r)=R^iO (3-34) 
which themselves are obtained from the g monodromy.-'-^ 

In what follows we will find, as illustrated above, that all boundary conditions at ^ = 
follow from world-sheet parity alone, and hence are true for all ha- 

4 Einstein Geometry on the Solid Half Cylinder 

Our task in this section is to study the Einstein geometry, including the twisted Einstein 
tensors [211, open-string sectors of the WZW orientation orbifolds above. 

4.1 Two-Component WZW Geometry 

We begin this discussion in the untwisted theory, with the familiar-f^ geometric quantities 
of ordinary WZW models on the solid cylinder F: 

^(T,a;(0) = e"■'«)^'"W^^ e,%0) = 6,'^, 9, = A (4.1a) 
e,(T, x{0) = -^9-\T, x{img{T, x{i)) = e{x{i)yTa (4.1b) 

ei(T,x(0) = -ig{T,x{img-\T,x{0) = e{x{OYT, (4.1c) 
-e{mV = -e{x{0)Mx{OV, 9{T, x{0)T,g~\T, x(0) = n{x{0)a% (4.1d) 

Q{x{0)=g~\T'^'',x{0) (4.1e) 

G^A<0) = e{x{OVGabe{x{0)j' = e(x(e))."G,,e(x(0)/, Tr{MTaT,) = Gab (4.1f) 
H^,k{x{i)) = d,B,k{x{i)) + cyclic = -iTr (Me,(T, x(0)[e,(T, x(0), efc(T, x(0)]) 

= zTr (Me,(T,x(0)[e,(r,x(0),efc(T,x(0)]) = V/ab'^Gd, (4.1g) 

■'■''Similarly, one easily checks from the g monodromies and Eq. p.l4g| ) that both integrands of the WZW 
orientation-orbifold action (|3.9|l are 27r-periodic; this conclusion holds of course only for h"^ = 1. 
i^See for example Refs. |ST1|S21I22. 
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7(0 = e^''''Tr{Mg-^dAgg''dBgg-'dcg) = OaAO (4.1h) 
j^(0 = |e^''^^Bx\0^cx'iOB^MO) (4.1i) 
A = {t,e,p}, e*«^=l. (4.1j) 

Here e, e, fi, G and are respectively the left- and right-invariant vielbeins, the adjoint 
action, the Einstein metric and the torsion field. Note that we have chosen the Einstein 
coordinates 

{x' = p''e{0)a\ i = l... dimg} (4.2) 

which correspond to e(0) = 11 at the origin. The identities in Eqs. ()4.1hjl . ()4.1ijl are the 
standard Gauss' law which relates the winding- number current j"(0 to the density 7(0 
defined earlier in Eq. ()3.5bj) . 

Following Ref. and our development above, we next define the corresponding two- 



component fields: 

1 = 0,1: a;*0(O = a;^(O, x'\0 ^ -^\-0 (4.3a) 

ddO = ttIttT' d,,iOx''iO = (4.3b) 

~9{T,x) = I \ ^ ^^^^^^^^ ^ d,rg{T,x)d^x^\0 (4.3c) 

e,,(T,x) ^ ~tg-\T,x)d,r9iT,x) ^ e{x\j^'T,pj (4.3d) 

e(a:),/^ = -ifr ((M ® t2)~g-'d^i~gG''''5'^T,p^) = 5/e(a:^),'^ (4.3e) 

~g{T,x)TaPig-\T,x) = n{x)J'T,pj, fi(x) = ^"^(T'^'^^x) (4.3f) 

^(^)a/' = 5,'n{x\' (4.3g) 

G',/;,j(x) = -I> {{M®%)r\T,x)d,ig{T,x)r\T,x)d^fg{T,x{i))) 

= SjjG^x^) (4.3h) 
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^.7;.v(^) = ^uM^h (4-3i) 

Hii-jj;kkix) = d^jB-j.^^ix) + cyclic 

= -zTr ((M ® l2)e,i{T, x) [e.j{T, x), e,^{T, x)]) 

— e -"-^e . cN £ . . . f . . . _ A ■ -A ■ ■ f 

~ ^il ^jJ ^kK JaL;bM;cN^ J aI;bJ]cK ~ "lj"jKJab '^dc 

= e{x'),''e{x')M^')kJab''Gdc = 6ij6j^H,,k{x') (4.3j) 

,ABCf~^ ((M ® l2rg-\T, x)dA~g{T, x)~g-\T, x)dB~g{T, x)~g-\T, x)dc~g{T, x)) 

= dAj\i) (4.3k) 
= ^^^''dBX^'iOdcx^^mhdm) ■ (4.31) 

The matrices pj are defined in Eq. ()2.9b|) . We emphasize that, although many of the fields 
carry more than one two-component index /, J, each field is diagonal in these indices and 
therefore has only two independent components in the two-dimensional space. 

From the definitions of these two-component fields, one finds the following behavior 



under world-sheet parity ^ — ^: 

^^'(-0 = -x'\0{n)/. d^-O = -{ri)j'd^j{0 (4.4a) 

^(^i-O)ai''' = in)i''^-\x{OU'^{n),' (4.4b) 

e{x{-0\r' = (n)/ (e{x{OMx{0)) in),' (4.4c) 

Gu;d<-0) = (n)/(ri)/G,^,^(a:(0) (4.4d) 

Hu;j;kKi^i-0) = in)iHri)/Hri)K''H^L-,M-,kNim) (4.4e) 

^,.(^(-0) = -(n)/(ri)/i?,^,,.^(x(e)) (4.4f) 

= -?(0, = T^'iO ■ (4.4g) 



In particular, the results in Eqs. (4.4c-g) follow by using the world-sheet parity ()2.9d|) in 
the relevant trace formulae in Eq. (j4.3|) . 

Taken together, the diagonal forms in Eq. (j4.3|) and the world-sheet parities (14. 4p imply 

consistency relations such as 

G^,{x\-0) = (ri)/G,,(x^(0), B,j{x'{-0) = -{n)/B,^{x'{0) (4.5) 
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which record in our notation (see Eq. ()4.3ap ) the following behavior of the original fields 
under (target-space) space-time parity x —x: 

g{T,-x) =g-\T,x), n{-x)=n-\x), e(-x),'^ = -e(x),« (4.6a) 
Gij{-x) = Gij{x), Bij{-x) = -Bij{x), Hijk{-x) = Hijk{x) . (4.6b) 

These space-time parities hold in the general WZW model, as is easily checked from the 
following explicit forms [221 121] of the geometric quantities: 

Q{x) = e-^^(^) (4.7a) 

ei^V = e(0).^ ' '^''^'^ = {""^X ^^-^^^ 

G-,,{x) = e{OV ( ^'"';lt-V)y'-^ )^'g^ce(0)/ (4.7c) 

5,,(x) = e(O),'^ ( '^'"'^'7;;;';)^-^^^^^^ )^''g^ce(0)/ (4.7d) 

Yix) ^ x^e(0).X'^ iT:%'' = -^fal>' • (4.7e) 

Although the space-time parities ()4.6|) appear here as a byproduct of our formulation, we 
will find below and in Sec. 5 that space-time parity in fact plays a fundamental role in the 
construction of orientation orbifolds. 



4.2 From the Solid Half Cylinder to the Strip 

Using the two component fields of the previous subsection, we turn next to find the two- 
dimensional or sigma-model form of the half-cylinder action in Eq. ()3.4|) . 

For this discussion, we note first the boundary conditions on the two-component winding- 
number current j(^) in Eq. ()4.31|) 

?(0)=?(7r) = (4.8) 

which are obtained from 27r-periodicity of the untwisted fields and the world-sheet parity 
(Ogt of j(0. It follows that 



dtdx{-ey ■])= dtdxQH^) - ?(0)) = (4.9) 

y=0 Jy=0 

SO, with the Gauss' law ()4.3k|) . one sees for the WZW term that the contribution from the 
fiat side of the solid half cylinder vanishes. Then one finds the two-dimensional form of the 
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WZW term on T 



1/2- 



/ Tr {{M®h){r\T,0d9{T,0Y) = 'I [dt Fd^ B^i.^^j{x)d^x'^ d.x^' . (4.10) 
Jvi J Jo 

With this result and Eq. ()4.3h|) for the kinetic term, we finally obtain the sigma-model form 
of the WZW action on the strip 

SwTw = ^ /^^ {Gu;d^) + Bu;M d^x^'d^x^' (4.11a) 

= ^ [ ^^Yl i^iji^^) + B^Jix')) d+x''d_x^-^ (4.11b) 
i Jo ^ ' 

= Swzw\M®\2r9-Jx\ (4.11c) 

2 

where Gij{x) and Bij{x) are the original WZW fields. 

It is instructive to check that the two-component action ()4.11|) on the strip is equivalent 
to the standard sigma-model form of the WZW action on the cylinder: 



1 



57r 



2n 



Swzw = ^ dt (GiMO) + B^MO)) d+x\Od-x'iO ■ (4-12) 



To see this equivalence, begin with the form of the strip action in Eq. (j4.11b|l and use the 
definition of x^ in Eq. (j4.3ap to follow the steps 

Swtw = ^ jdt l^^d^[{G,,{x{0) + B.MO))d+AOd-X^{0 

+ (G,,(-x(-0) + %(-x(-e))) d+x'i-Od-X^{-0] (4.13a) 
= ^ Jdt £d^[{G,MO) + B.MO))d+^\Od-x^{0 

+ (G.,(x(-0) - B^M-m d+x\-Od-x^{-0] (4.13b) 
^ fdt ^d^[{G.,{x{0) + B^Axm^+x\0^-x\0 



Stt 







+ {G,,{x{-0) + Bi,{x{-0))d^x\-Od+x^{-0\ (4.13c) 

= ^jdti^j^ (G^MO) + B^MO)) d+x\Od-x'iO = Swzw (4.13d) 

where fl4.13b|) is obtained from (j4.13ap by the space-time parities fl4.6b|) . The last form in 
Eq. ()4.13d|) is indeed equal to the standard form ()4.12p of the sigma model action on the 
cylinder - because the integrands of both are 27r-periodic. 
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4.3 Automorphic Responses of the Geometric Quantities 

We turn next to the action of the general orientation-reversing automorphism h„ on the 
two-component geometric quantities: 

u;{Ky = e{^yu;{K)a''e{^y. u{K) G Aut{g) (4.14a) 

x^\a = ^''mri)/uj\K),\ dda = ^ih^yin)/d^j, / = o,i (4.i4b) 

= ^{x')J' = uj{hX\n),^(l{xU'\r,)i:^uj\K),' (4.14c) 

e,KT,x)' = e,KT,x') =cu(/i^),^(ri)/riH^(/i.;r)e^.j(r,x)l^t(/,^.2^)^^ (4.14d) 

e(x),/-^' = e{x'\i^^ = u{K\Kn)i^e{x)^^'\n),^u\Ky (4.14e) 

Gu-,A^)' = G,j.^^j{x') = uj{h^h'uj{h^)/{n)j''{n)j'^G,^.^,^{x) (4.l4f) 

Bu-.ji'^y = B^j.^^jix') = iuiK)Mh.)/in)j^in)/B,^.^ii^ix) (4.14g) 

= ^(/..)/a;(/^.),-^(/..),"(ri)/(ri)/(ri)///,^^^^^„^(x). (4.14h) 

These automorphic responses follow by substitution of Eqs. (2.9g-i) into ()4.2j) and the Tr 
formulae in Eq. ()4.3j) . As expected, the strip form ()4.11aj) of the WZW sigma- model action 
is invariant under the general orientation-reversing automorphism above. 

Finally, it is instructive to consider the action of h„ on the original fields: 

x'iO' = -x^i~O^HhaV (4.15a) 

g{T, xiOr = 9iT, x'iO) = 9iT, -a;(-0^^) = WiK; T)g{T, -xi-0)W\K; T) (4.15b) 

fi(x(0)a" = fi(-a;(-0^^)a' = u;{h^)a'n{-x{-0)/u;\h^)d' (4.15c) 

e{x{OV' = ei-xi-OuJ^" = u;{K)^'e{-xi-0),'u;Kh.V (4.15d) 

G,,(x(0)' = G,,i-x{-Oco^) = Lu{h^)MK)/Gki{-xi-0) (4.15e) 

B,,{x{Oy = B,,{~x{-OuJ^) = uj{Kh''uj{K)/BM{-x{-0) (4.15f) 

H^Jk{x{Oy = H,,k{-x{-i)J) = uj{K)Mha)ruj{K)k''Hi^^{-xi-0) ■ (4.15g) 
We note in particular another set of consistency relations on the original fields 

g{T, xio^) = W{T)g{T, x)W\T) (4.16a) 

Q{xuj^)a'' = Ua'Q{x)/{uj^)d'', e(xa;t),- = u;,^e{x)/{u^y (4.16b) 
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Gij{xtu^) = iu./'iu/Gklix), Bij{xJ) =uJi'ujjBki{x) (4.16c) 

HijkixUJ^) = Uj/uJj"'LOk'^Hi^n{x) (4.16d) 

u = uo{K), W{T) = W{K- T), Aut{g) (4.16e) 

which are imphed by comparing the last two entries of each hne in Eq. fj4.15|) . This 
set of consistency relations expresses the Lie symmetry of the WZW models, and these 
relations can be easily checked from the explicit forms given in Eq. ()4.7p . In fact, as we 
will emphasize in Subsec. 5.1, such consistency relations together with the behavior of the 
fields under space-time parity can be considered as the fundamental symmetries which 
allow orientation-reversing automorphisms. 

4.4 Geometric Eigenfields 

Following the familiar procedure El IMl 1211 of the orbifold program, we now define 
the eigenfields associated to the two-component Einstein coordinates and tensors 

U{aUr); = t/(a)„(,)/e(0),\ U\a),-^^^^^ = e(0),'^f/t(a),"«'^ (4.17a) 
X^«^"(0 = x^^(Ox(-)4),f/n^)."^''^"(;)5^^/), « = 0, 1 (4.17b) 

dnir),u{0^ g^j^,^^^^ = X{<rUr),U{aUr);{V2Uj)d,i{0 (4.17c) 

(4.17d) 

W(X)„(,)^."(^)^^=X(^)nM;.^(^)nM/(v^^«')^(^(3^))a/''' 

X x{^)-lyU\a),<^^^{^^{U^)f) (4.17e) 

£„(,)^„(r, X) = x{<7)nir)^.U{aUr);iV2Uj)U{T, a)Ue^,{T, x{X))U^U\T, a) (4.17f) 
^(X)„(.)^:(^)^'' = x(-)„MMf^(^)nM/(v^f//)e(a:(X)),/^ 

X x{^)-U.U\a)-'^^>{^^{U^)f) (4.17g) 

Qnir)^.uMs)U'X)=X{<r\.ir)^X{<yU^^^^ (4.17h) 
= Xicr)n(r)fj.X{<7)n{s)uU (o" )n(r),lU (cT )n(s)J {^Uu){\/2U^ ) B -j.- j{x{j)) (4.171) 
'Hn(r)^lU■,n{s)uv■,n(t)Sw{'X) = Xio-)n{r)pX{<^)n{s)uX{<7)n{t)sU i<y)n{r)tM'U {a)n{s)J U {a)n{t)5^ 

X (v^t/J)(v^f//)(v^t/.^)if,,^^.^^,^(x(X)) (4.17j) 
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where the unitary matrices U{a),U(T,a) and U are defined in Eqs. ()2.1H) . ()2.16e|) and 
n{r)tJ. same normahzation constants which appear in Eq. (|2.14[). 

Relations among these eigenfields include the following 

g(T, X)7^(r)^uS~^('?', X) = yV{X)n{r)iiu'^''''^'^'"%i{s)uv (4.18a) 

^n{r)fiu{'^,'X) = ^{T,X)dn(r)fj,u9{T,X) = S{X)n{r)fiu"'^''^''''%{s)uv (4.18b) 

y n{r) fiu;n{s)uv 

= S{X)n(r)^iu'^^'' ""^ " ^{X)n{s)uv'^^'' " Qn{r')ii' u' ■,n{s')u' v' {ct) (4.18c) 

'Hn(r)^u;n{s)uv;n{t)Sw(X) dfi(^r)fiu^n{s)uv;n(t)5w(X) ~l~ Cyclic 

C n(r')ii'u' c n{s')u'v' c n(t')S'w' ^ / \ /a -\ qA\ 

^n{r)fiu ^n(s)uv ^n{t)6w ■J n{r')pJ u' \n{s')v' v' \n{V)&' w' j Y±.LO(lj 

•F n{r)^u;n{s)uv]n{t)5wi'^) '^^u+v+w,Omod n(r)^;n{s)u;n{t)s{(^) (4.18e) 

Fn(r)fi;n{s)u;n{t)5{o' ) = ^n(r)/x;n(s)iy"*'* ^'^ )Qn{t'),S' ■,n(t)5{<^ ) (4.18f) 

e^^^IV {{M ® 1) {9-'dA99-'dB99-'dc9)) = dAj^iO (4.18g) 

~A0 = ie^''''5BX"(^)'^"(09cX"(^)'^''(0i3„(,)^„;„(,),,(X(0) (4.18h) 

where the eigengroup element, the total twisted metric and the ordinary twisted metric 
were defined in Eqs. ()2.16a|) . ()2.19b|l and ()2.14p respectively. The J-'{cr) on the right side of 
Eq. ()4.18e|l is the totally antisymmetric form of the ordinary twisted structure constants 
defined in Eq. ^J^. 

As above, these eigenfields are constructed to have diagonal responses to the orientation- 
reversing automorphism: 

^nir),u^^y ^ ^nir),u^^ynii^,+-)^ 9„M^„(0' = 6-''''^'^-'^^ dn(^r),u{0 (4.19a) 

£nir)f.u{T, xy = Snir)^.u{T, X') = e'^^'^Ti^)^^^ E{T , a)^„(,)^„(T, X)E*{T, a) (4.19b) 
SiXUr),^^'''" = S{X'Ur),::^^>^ = e-'^^(''^+'^^£(X)„(,)^:(^)'^^ (4.19c) 

Gn{r)fiu;n{s)i'v(,'^^ Gn{r)^u]n{s)v'v(,'^ ) ^ ''^'^'^ ^ Gn{r)fiu;n{s)uv(,'^^ (4.19d) 

/ / 27ri{ ^^^^^^^^^ I 



(x)' = (X') 

n_.V "(T-) + n(3) + n.(t) , u + v + w \ 

= e ^) -'^mn(r)^.uMs)uvMtM^) ■ (4.19f) 



32 



To obtain these responses, we have used the action ()4.14|) of ha, the definitions in Eq. ()4.17p 
and the if-eigenvalue problems in Eq. ()2.11|) . 

Using the exphcit forms ()4.7p of the original fields, these eigenfields can also be explicitly 
evaluated as 

W(X) = r\f''^',1) = e~'y'-^\ yiX) = if'^^'^f^^-^^Tu (4.20a) 

^^n{r)p)n{s)v^^^ = -^^n{r)^,■,n{^)J'^^^\(y ) = Xi<y)n{s)uXi<y)~lt)s%iir)f,{T'"^\ 0" )„(s)^"^*^'^ (4.20b) 



^(X)„M,„"(^)^'' = (^^) ^ ^ , ^:(0) = 1 (4.20d) 

Gn(r)pLU\n(s)uv{^^ ( (iVix^Y^ ) Q n{t)&w,n(s)uvij^^ (4.20e) 

n ^-Y-^ _ ( e^^m-e-'y(^^)-2iy(x) \ "W''"' , . (ao(\^\ 

'-^n(r)fj.u;n{s)uv\-^) — I fTvTxTT^ / yn{t)5w;n{s)i/v\'-' ) l^^.ZUiJ 
V \ •J' \ II / n(r)uu 



where the matrices T in Eq. ()4.20b|) are the so-called rescaled twisted representation ma- 
trices [21] • Because of the Pauli matrices in y, it is not difficult to check that all these 
eigenfields have only two independent components in the two-dimensional space: 

W(X)„(,)^„'^(^)^^ = W("-^)(X)„M/^'^^ ^(X)„(0/.n"^^^^^ = S^''-''\xUr),''^'> (4.21a) 

Qn{r)tiu;n{s)iyv{'X') = (^) ) l3n{r)ij.u;n{s)uv{'X') = ^n(r)i!;n{s)L'('^) (4.21b) 

T<n(r)^uMs)i^v;n{t)Svii'^) = '^n{r)'^^n(^)u■,n{t)5i'^) ^ U,V,W & {0, 1} . (4.21c) 

This fact is also apparent when the eigenfields are expressed in terms of the standard 
eigenfields [21] of space-time orbifold theory. 

X;jW^"(0 = I (X^(^)^(O - (-1)"x:J(")'^(-0) (4.22a) 

W(X(x))„(,)^„"(^)^^ = i (W(x°)„(,)/(^)'^ + (-l)"-''W(xi)„(,)/(^)'^) (4.22b) 

^(X(x))„(,)^„"(^)^^ = i (^(x°)„(,)/(^)'^ + (-l)"-'^£(xi)„(,)/(^>) (4.22c) 

Gn{r)fj.u;n{s)uv{'X{x)) = ^n(r)/i;n(s)i/ (a^^) + (" l)"~^''^n(r)/i;n(s)i/(a;^) (4.22d) 

^n{r)At«;n{s)i/i)(X(a;)) = Bn(r)^J.■,n{s)u{x^) + { — '^T^'' Bn(r)fi;nis)u{x'^) (4.22e) 

(x(x)) = n 

n(r) ^\n(s)v\n 

^t)6{x^) (4.22f) 
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X^M^O = x'{Oxi<r)-l^)^U^{a),-(^^^ (4.22g) 

= x(-)n(.),f/(^)nM/fi(x).\(a);(i^),f/t(a),"(^)^ (4.22h) 

£:(a;)„M/W^ ^ x(a)„M,f/(a)„(,)/e(a;).'^x(a);(^,),f/na)/(^)'^ (4.22i) 

^n{r)M;n{s)^(2;) = X(^)„(r.)^X('^)„(s)i.f^ {(r)nir)^,'U {(r)n(s)u^ Gij{x) (4.22j) 

^n(r)At;n(s)i.(a;) = Xicr)n{r)f,Xi<^)n{s)uU (<7 )n(r)At*^ )n(s)z.^ (x) (4.22k) 

T-Cn{r)f,;n{s)'^Mt)ii^) = X{<7)n{r)f,Xi<^)n(s)i^X{(^)nit)sU (o" )n{r)p'U ((J )„(s),.^ )n{t)5^ Hijk{x) (4.221) 

which are obtained by using Eq. ()A.3cj) to do the internal sums on the two-component 
indices / in Eq. ()4.17j) . 

Many of the eigenfields also diagonalize the behavior under world-sheet parity: 

^n(r)M«(_^) = -x:^(")^''(0(r3)/ = (-1)"+'x:J(")^"(0 (4.23a) 

dn(r),u{-0 = (-l)"+'5n(r)^«(0 (4.23b) 

3^nM/.«"^^)'^'^(X(-0) = (-l)"+'^+'3^nW/.n"(^^"'^(X(0) (4.23c) 

Gn(r)tJ.u;n{s)i^^('^(~0) = (" l)"^''^n(r)/^n;n(s)!yi. (3^(0 ) (4.23d) 

(X(0) (4.23e) 

n{r) iJLU\n{s)vv;n(t)5w (x(-0) = {-iY+''+'"n 

n{r) fj.u;n{.s)uv;n{t)Sw (X(0) . (4.23f) 

These relations follow from the corresponding world-sheet parities in Eq. ()4.4|1 . but the 
relations in (4.23d,e) also follow from ()4.23cp and the explicit forms in Eq. fj4.20|) . More 
complicated behavior is obtained for other eigenfields 

W(X(-0)n(rw"(^)"'^ = (-l)"-"W-i(X(0)„W;.."(^)'^'^ (4.24a) 

^(x(-o)n(.w"(^)'^'' = (-1)"-" i£mmm))Ur),u "^^^'^'^ (4.24b) 

where we have used Eqs. ()4.4j) . ()4.17ej) and ( |4.17g ). 



Finally, we may reexpress the strip form ()4.11aj) of the WZW action in terms of the 
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eigenfields: 

Swzw= Idt I d^C (4.25a) 



= — ( ^(';+'') , , (X) + i^^'^;^ , , (x)) 5 x"('')'^"9_x"(^)"'' 

I E {SniLnis>i^) + E 9+X"(^)'^^9.X"W— . (4.25b) 



Stt 

ui=0 u=0 



This form can also be obtained from the WZW action ()3.7j) on ri/2 by using the identity 
KTK^ . the Gauss' law (P^THgl) and Eq. 



4.5 Einstein Geometry of the Twisted Open WZW Strings 

We now move to the twisted fields, using the principle of local isomorphisms [3 El 121] 

g — X — >x, W — yQ, S — >e (4.26a) 

cr a (7 a 

g — yd, B — yB, H — y H, ] — y] (4.26b) 

cr cr a a 

SwTw ^ ^/:;?) (4-26C) 

to map the eigenfields and the action to the twisted fields and the action formulation of 
the twisted open-string sector. 

We begin with some useful relations among the twisted fields 

£nM,.^£nM..(^^,)^ d^^rUO ^ Q^J,^^^y u = 0,l (4.27a) 
g{T, x)X^r)^^g~\r, x) = ^i(x)„(,)^„"(^)'^''r„(,),„ (4.27b) 

Cn(r)/i«('^; •^) ^9 i,"^ j ^)9n(r)fiu9i.'^ ■> ^) ^(,^) n{r)fj,u ^ Tn{s)vv (4.27c) 

e(£)nM;.."^^^'^'' = -ifr ({M ® t^)g-\T, x)d^^r),ug{r , x)g<'>''-'<'^'^{a)X^t)5J) (4.27d) 
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= e{x)n{r)i,u^^'^ e{^)n{s)uv'^^'' " Qn{r')^' u' ■,n{s')v' v' [p ) (4.27e) 
= e(x)„(r)^M"'^' " e(a;)„(s),,t,~"^'' ^n(r')/i'M';-n{r'),;^',-«' ) (4.27f ) 

Hn(r)fiu;n{s)uv;n{t)5w(^^) dn{r)^uBn{s)uv;n{t)5w(^^) ~l~ Cyclic 

n{r')fi'u' ^ n{s')u'v' ^ n{t')5'w'j: ( \ (A07a-\ 

^n{r)fiu ^n{s)uv ^n{t)5w n{r')fi'u';n(s')u'v';n{t')5'w'\'J) \^-'^'t>) 

= ie^^^9BX^('-)^"(05cx^^^^'^'^(05„(0;..;n(s)..(x(0) (4.27i) 

which follow by local isomorphisms from the corresponding relations among the eigenfields. 
Here Q*{(t) in ()4.27d|) is the total inverse twisted metric defined in Eq. ()3.20d|) . and we have 
used the selection rule fj2.14ap for the tangent-space metric Q,{(t) to obtain the reduced 
form ()4.27f|) of the twisted Einstein metric G{x). A similar reduced form of the twisted 
torsion H{x) can be obtained by using the selection rules (2.13a,b), ()4.18e|l . The quantity 
i'^i^i) in Eq. ()4.27i|l will be called the twisted winding- number current. 

From Eqs. (j4.23p . (j4.24j) . the principle of local isomorphisms also gives us the world- 



sheet parities of the twisted fields: 

^n(r)M«(_^) = -x;jMA'-(^)(r3)„" = {-1^+^ x^^''^^''' (4.28a 

dnir),u{-0 = (4.28b: 

^(£(-0)nM;.n"^^)"" = (- 1)"-"^^-' (x (0 )n(.w"^'^'^" (4.28c: 

e(x(-0)nM;.n"(^)^" = (-1)^"^ (e(x(0)f^(£(0)) , "^^^^ (4.28d: 

V / n{r)ij,u 

Gn{r)^lU■,n{s)l'v{x{—0) = i^'^T^'" Gn(r)^lU■,n{s)uv{x{C,)) (4.28e 

Bn{r)fj.u;n{syo{^{—0) = (" 1 ) "^''^"^-S„(r)/^n;n(s)i/t; (^^(O ) (4.28f 

Hn{r)iiu;n{s)iyv;n{t)5w{x{—^)) = ( — 1)'^'^'"^'^ Hn{r)tiu;n{s)iyv;n{t)5w{x{^)) (4.28g 

= M-0 = ■ (4.28h: 

We also give the explicit functional forms 

Q(x) = e-^^("), Y{x) = xf'^^^'f^.T^ (4.29a 



^[i)n(r)^u = ( ■v/>7'^ ) ! K^)n{r)^u =^''J>n(r)+n{s)firaoA p{a)^u+vfiraoA2 (4.29b 
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G n{r) ^u;n(s)uv (•^) 



giV (4 ) _|_g - iy (4 ) _ 2 ^ 


n(t)(5ui 


(iy(£))2 


n(r)fiu 


giV (4 ) _|_g - iy (4 ) _ 2 ^ 


n(t)5w 


(iy(£))2 


n(s)i/v 


giy(4)_|_g-iy(4)_2 


-n{s),u- 


(iy(£))2 





-n(s),u,—v;n(s)uvi(^) (4.29c) 



n{t)Sw 



{iY{x))2 J n(s)uv 

^Y(i)_^-iY(S)_2iY(£)\ -n{s),i'-v rAonA\ 



(iy(£))2 Jn{r)tiu 

which follow by local isomorphisms from Eq. ()4.20j) . The rescaled matrices T"-'^^ which 
appear in these formulae were defined in Eq. (jOHbl). 

Like the group orbifold elements in Eq. (j2.23p and the twisted Einstein coordinates 
()4.27aj) . the explicit functional forms in Eq. ()4.29|1 tell us that the other twisted fields are 
also two-component fields 



^{S;)n{r)iJ,u ^ — {^)n{r)ij, ^ ; ^ {^)n{r)fiu ^ ^ — (m— u) (4.30a) 

n{s)uv _ ^iu~v)/;x\ n{s)u 

Gn{r)fiu;n(s)uv{x) = G^a{r)^!■,n{s)ui^) ^ Bn{r)fj.u;n(s)uv{x) = B[^{r)}-^(s)ui^) (4.30c) 



e[X)nirW^'''" = e''^-"\x)nir)„'"^'^'' (4.30b) 



ir)^^uMs)uvMt)sU^) = H^n{XS^s)uMt)s^^^' u,v,we {0, 1} (4.30d) 



and all of the relations above simplify accordingly. For example, the following world-sheet 
parities of the reduced components 

^^'"\i{-i)Ur),''^'^'' = i-ir^l^^imUr),''^'^'' (4.31a) 
1 

e^'"\x{-OUr),''^'^'' = {-irY.^'^''^^^(^^^^^^ (4.31b) 

G^:iLnis)M-o) = (4.31c) 

B^:iLnis)M-o) = (4.3id) 

-^i(r)/i;n(s)i/;n(t)5(^(~0) ^ ("-'-) -^n(r)At;n(s)i/;n{t)5(^(0) (4.31e) 

are obtained by substitution of the reduced forms ()4.30p into Eq. ()4.28p . 
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The open-string sigma-model form of the WZW orientation-orbifold action can be ob- 
tained by derived local isomorphisms from the (eigenfield) sigma-model form ()4.25|) of the 
WZW action: 



Jdt J^d^C'^ (4.32a 

Q_ \ n(r)ii:n(s)v^ > n{r)ii-,n(s)v\ J I ^ cj a 



I E {Glt).Ms>i^^ + ^i;V;n(^)^(^)) E d^x:^^^^-d.x:^^>'-- (4.32b) 



w=0 u=0 



sS') = ^Soa^^h,g;ri]. (4.32c) 

We finally comment on the equivalence ()4.32c|) of the WZW orientation-orbifold action 
()3.9|) on ri/2 and this open-string sigma-model form on the strip, both of which followed 
above for all by local isomorphisms - without the use of monodromy. Using the twisted 
Gauss' law ()4.27h|) and the form of the twisted Einstein metric in Eq. fl4.27e|) to compare 
these two actions, we find the (3 ^ 2)-dimensional consistency relation 

tit/""rfe^„(.)M«;n(s)..(x)9+x"('^)^"9_r(^)'^'^ (4.33a) 



dtdx{-ey-j) = / dtdx{j^{7T) -j^{0)) = (4.33b) 

y=0 Jy=0 

which requires (as in Subsec. 4.2) a vanishing contribution from the flat side of the solid 
half cylinder for all h„. The local form of this boundary condition on the twisted winding- 
number current 

j«(0)=j«(7r) = (4.34) 

is verified explicitly for the case /i^ = 1 in the following subsection. Another set of boundary 
conditions can be obtained in the usual fashion by variation of the open-string sigma-model 
form ()4.32|1 of the action, but we will discuss these variational boundary conditions more 
generally in Subsec. 5.2. 
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4.6 Monodromies and Extra Boundary Conditions 

As above, we can obtain further structure in the case h"^ = 1, for which local isomorphisms 
gives us the monodromies of all the twisted open-string fields: 

/i^=l: automorphic responses — > monodromies (4.35a) 

g{r, x{i + 27r)) = nE{T, a)g{r , m))E\T, a)r^ (4.35b) 

^n(r)/.«(^ ^ 27r) = x:jM'^"(Oe'"'^^+^\ M = 0, 1 (4.35c) 

g«(r)/.^(0 = g^n(r)t,u(^^y dn(r)f.ui^ + 27c) = 6 2^9„(^Vn(0 (4.35d) 



dnir)tMui0^a^^^''''iO = S^J.'' Sn{r)~n(s),Omod p{a)Su-vfimod 2 (4.35e) 

nm + 27r))„(,)^„"(^)- = e-'^^(''w^+^)r](x(0)„w^."(^)^'^ (4.35f) 



en(0/.».(^, + 27r)) = e-'"^(M^+^ V3E(T, a)e„(,)^„(r, a;(0)^*(T, a)r3 (4.35g) 

e(a;(e + 27r))„(,)^„"W- = e-^^^(''^+^)e(x(0)n(.v„'^(^)'^'' (4.35h) 

Gnir)i,uMs)i'v{x{^ + 27r)) = e 2 '^G„(r)/.«;n(s)i.i,(£(0) (4.351) 

5n(r)M«;n(.),.^(5'(^ + 27r)) = e ^ ' Bn{r)f,u;ni'^>v{x{^)) (4.35j) 

Hn{r)fj.u;n(s)'^vMt)Sw{x{^ + 27l)) = e P'^") 2 Hn{r)iJ.u;n(s)uvMt)5w{x{i)) (4.35k) 

j^(e + 2vr)=j^(0 (4.351) 

Cwzw^^^^ + 27r)) = ^^(x(0) . (4.35m) 

The restriction (j4.35aj) to /i^ = 1 follows from the discussion of Subsec. 3.2 (and in partic- 
ular, from Eq. ()2.29|l ) and our choice of coordinate system x = (3 m Eq. ()4.2j) . 

For the reduced components A-'^^ of the twisted fields, one finds that the monodromies 

n(-)(x(e + 27r))„(,)/(^)'^ = e-''^^(''^+^)fi(-)(x(0)„w/^'^" (4.36a) 

e^^\x{i + 27r))„er)/(^)^ = e"''^^(''^+^)e('")(5;(0)„M/^^^'^ (4.36b) 

Gi7i.;„(.).(^(^ + 2-)) = e-^-(^^^^Gi;V^„(.).(a:(0) (4.36c) 

B':^),Ms)Mi + 2-)) = e-^-^^^^^^i;) ,^„(,).(x(0) (4.36d) 

+ 2^)) = ^"'^^^"'^'"^'"''^^^<V;n(.).;nW.(^(0) (4.36e) 
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follow from Eqs. (jOK|l and ^i^. 

Then following steps analogous to those given in Eq. ()3.30|) . the monodromies ()4.35c|) . 
fl4.36|) and the world-sheet parities ()4.28a|) . ()4.3H) give the boundary conditions for the 
twisted fields on the strip: 

^n(r)/.o^Q) = 0, x:j('')^"(7r) = unless ^ g Z + i (4.37a) 
(9tX^W'^°)(0) = 0, idtx'^/'^ni^) = unless ^ G Z + i (4.37b) 
(9^£^(")^'i)(0) =0, (a5:r^(")^")(7r) = unless ^ G Z (4.37c) 



[^](°)(x),^]«(^)] = 0, n^''\xy-n^^\x)^ = i at^ = o (4.37d) 

at ^ = TT (4.37e) 



^]W(x)E(a)^](o)(£) + n(^)(x)E{a)n(^\x) = E{a 
n^''\x)E{a)n^^\x) + riW(x)E(a)fi(°)(x) = 



i 

$^e(^)(a;(0))„w/W'^ (C^nW^"^'')" - (-l)"'f^(--'')(x(0))„(i)5"W'^) = (4.37f) 

1 

5^e('^)(x(7r))„(,)/W^ (^6:6^^t)s''^^>e'^"^"-^'^ - fi(-"'^)(x(7r))„(,),"(^)^) = (4.37g) 



!;=0 



Gi(t),;„(.).(x(0)) = 0, G5^),^„(,).(x(7r)) = unless G Z (4.37h) 

(^^^?iV(.)J(£(0)) = 0, J (£(-)) = unless I^MgM e Z + 1 (4.37i) 



^i(i).;n(.).(*(0)) = 0, ^1;) ^;„(^^^(a:(7r)) = unless G Z + i (4.37j) 

id,B^nl),Ms)^)im) = 0, = unless I^^I^+f) G Z (4.37k) 

^i;^).;n(s).;nw.(^(0)) = 0, ^i;^),;„(.),„(,),(£(vr)) = uulcss Mlll^gl^W ^ Z (4.371) 

(^e^l;i),;„(s).;nw.)(^(0)) = (4.37m) 

= ^^1^^^ Mr)±jg±M£) e Z + i . (4.37n) 

The eigenvalue matrix E{a) which appears in Eq. (j4.37e|) was defined in Eq. (j2.1H) . Here 
we gave the dt boundary conditions explicitly for x only, but the dt boundary conditions 
for G, B and H are also the same as those for the fields themselves. 
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We also remark that the trivial monodromy ()4.351|) and the world-sheet parity ()4.28h|) 
of the twisted winding-number current j show that the (3 ^ 2)-dimensional consistency 
relation ()4.33b)l is satisfied explicitly 

monodromy + world-sheet parity =^ j^(0) = j^(vr) = (4.38) 

in parallel with the discussion of the untwisted case in Subsec. 4.1. 

As noted above, all the boundary conditions of this subsection at ^ = vr are true only 
for h'^ = 1, while all the boundary conditions at ^ = follow from the world-sheet parity 
alone - and hence are valid for all h^j. Moreover, the boundary conditions of this subsection 
should be considered as further substructure of the WZW orient ation-orbifold branes. 

5 Sigma-Model Orientation Orbifolds 

5.1 Sigma Models with Orientation- Reversing Symmetry 

We consider here the nonlinear sigma model Am on a general target-space manifold M 
with local-'-^ Einstein coordinates x"^, i = 1 . . . dim M: 

S=^ !dtf di {Gi,j{x) + Bij{x)) d+x'd_x\ d± = dt± (5.1a) 

Hijkix) = diBjkix) + djBUx) + dkB,j{x), x\^ + 27i) = x\0 ■ (S-lb) 

We begin by requiring that the sigma model action is invariant under the basic orientation- 
reversing automorphism: 

K = Tixl (5.2a) 
x\0' = -x\-0, G,,{xy = G^,{x'), B,,{xy = B,,{x'), H,,k{xy = H,,k{x') . (5.2b) 
Then one finds 

S' = ^ jdt j^'^daG,,{-x{-0) + B,,{-x{-0))d+x\-Od^x^{-0 (5.3a) 



1 

8^ 



dt l' daGi,{-x{0)+B,,{-xmd-x\Od+x^{0 

-2tt 



^^A complete treatment of the nonlinear sigma model should include discussion of global issues (in which 
the discussion of the text pertains to a coordinate patch), but we will not do so here. 
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^ ^dt f di{G;,{-x{0)-B,,{-x{md+x\Od~x^{0 = S (5.3b) 



Svr 

where we needed the space-time parities 

Gi,j{-x) = Gij{x), Bij{-x) = -Bij{x) — > Hijk{-x) = Hijk{x) (5.4) 

in the last step to obtain the invariance S' = S. It follows that the space-time parity 
()5.4|1 is a necessary and sufficient condition for invariance of the sigma model under the 
basic orientation-reversing automorphism. In other words, orientation reversal is in the 
automorphism group of the isometry group of the manifold M 

Ti X 1 e Aut{lso M) (5.5) 

iff M satisfies the space-time parities in Eq. ()5.4p . 

We recall that the space-time parity ()5.4|) was verified explicitly in Subsec. 5.1 for the 
special case of the general WZW model, and hence follows as well for any principal chiral 
model. We have also checked (see App. EI) that the space-time parity ()5.4|1 holds for all 
reductive g/h coset conformal field theories. In what follows, our discussion is restricted 
to such orientation-symmetric sigma models, although the classification of these models is 
beyond the scope of this paper. 

As discussed above for WZW, the following two-component form of the sigma model 
on the strip 

S= jdt j^diC (5.6a) 

C = ^ (G,,,,(x) + B^,.^^j{x)) d^x^'d.x^^ (5.6b) 

x^\0 = (-l)'x'((-l)^0, + 2vr) = x^\i) (5.6c) 

Gu,d^) = 5/jG,,(xO, i?./;,j(x) = 5ijB,,{x') (5.6d) 
Hii-jj.kM = d-jB.j.,^^{x) + cyclic = 5jj5jj^Hijk{x^), ij,k e {0, 1} (5.6e) 

is an equivalent form of the sigma model if and only if the space-time parity ()5.4|) holds. 
Using the space-time parities in Eq. ()5.4|) and the definitions in Eq. ()5.6p . we also find 
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the world-sheet parities of all the two- component fields of the sigma model ()5.6b|) : 



X 



= -^''mri)/, 5.,(-0 = -(ri)A,(0 (5.7a) 



Gu;d<-0) = (n)/ (5.7b) 

Hu;j;kKi4-0) = (ri)/^(ri)/'(ri)^^if,^^,.M;fc^(a:(0) (5.7c) 

Bu;d<-0) = -(n)/'^(^i)/i^.i.,L(^(0) • (5.7d) 

These forms are the same as those found above (see Eq. ()4.4|l ) for the corresponding two- 
component WZW fields. 

In the two-component notation of Eq. ()5.6p . the basic orientation-reversing automor- 
phism fj5.2b|) can be written as 

x'\a = ^''mri)/ (5.8a) 

Gu;d^y = G,i.^^j{x') = (ri)/(ri)/G,^.,.^(x) (5.8b) 

Bu;d^y = %,j(x') = in)j^in)/B,^.^^^ix) (5.8c) 

Hu;j;kki^y = H,j.,j,kKi^') = (ri)/(ri)/''(ri)^^if,^^^.^,^,^(a;) (5.8d) 

and the invariance of the strip action ()5.6|) under ()5.8|) is transparent. 
We may further require that the more general orientation reversal 

x'\0' = ^''iO^\h^)An)/ (5.9a) 

Gu;d^r = G,,,,(x') = u{h^)Mh.)/{n)/Hri)/G,^.^,^{x) (5.9b) 

Bu-.ji'^y = B^j.^^jix') = iuiK)Mh.)/in)j^in)/B,^.^ii^ix) (5.9c) 

B^ii;jj;kki^) — Bij.jJ.kf({x ) 

= (^(/^.),^(/i.),™a;(/..),"(ri)/(n)/(ri)^^i/,^^„^,^„^(x) (5.9d) 

is a symmetry S" = S* of the strip form ()5.6|) of the sigma model. In particular, this 
requirement includes the following symmetry conditions on the original fields 

Gij{xuj^) = LUi^iu/Gkiix), Bij{xiu^) = uJi'^u/Bkiix) (5.10a) 

Hijk{xJ) = UJiUJj'^UJk'Himnix) (5.10b) 



which describe the class of nonlinear sigma models with a /mear symmetry [24j. Linearity 



of the symmetry conditions can be maintained only in certain preferred coordinate systems: 
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In conventional terms, we limit ourselves to the special case of a symmetry with one 
fixed point of M, and the preferred coordinate system is that in which the fixed point is at 
the origin. In a somewhat more general language 

h„ e Aut(lso M) (5.11) 

and hfj must also preserve the 2-form B on M. 

When M is a group manifold and h^j G Aut{g)^ we already know (see Eq. ()4.1fi|l ) that 
the linear symmetry conditions ()5.1()j) are satisfied for the WZW model on g, and hence for 
any principal chiral model on g. In the case of the coset CFTs, the symmetry conditions 
()5.10|) will also be satisfied so long as the g/h coset construction [HIIZIESI is /io--invariant: 
This means in particular that the subalgebra C (? is an /io--covariant subalgebra of (7, as 
discussed for the if-invariant coset constructions in Refs. [H ES] ■ 

When the space-time parities ()5.4j) and the linear symmetry conditions ()5.1()|) are sat- 
isfied for all 

h„ = nxh^ e H_ C Aut{lso M) (5.12) 

we will say that the sigma model is i^_-symmetric and denote it by Am{HS). The discussion 
below is limited to the sigma models in this class. 

5.2 The Fields of the Sigma-Model Orientation Orbifolds 

The sigma- model eigenfields Q,B,Tt are constructed as shown in Eqs. (4.17h-j), but now 
with the WZW eigenvector matrix U (a) replaced by the eigenvector matrix of the Einstein- 
space H-eigenvalue problem [21] 

u{Kyu\a),<-'^^ = f/t(a),"('-)'^E„(,)(a), U\a)U{a) = 11, K(,)(a) = e"''^*^ (5.13) 

where uj{hfj) appears in the general orientation- reversing automorphism fl5.9|) . 

To go to the open-string sectors of the sigma-model orientation orbifold Am{H_)/ H_, 
we then apply the principle of local isomorphisms 

X — >x, g — >G, B — >B, n — >H (5.14) 

a a a a 

as above. For the twisted fields of these open-string sectors, we find the two-component 
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structure 



d 



M = 0, 1 



Bn{r)iiu;n{s)uv{x) — B^n{r)};n(s)vi^) 



(5.15a) 
(5.15b) 



n{r)iiu;n(s)iyv;n{t)5w ) 



n(r)/x;n(s)i^;?i(t)i5 V / 



x) + (9„ 



'n{t)5wBn{r)iiu\n{s)uv (^i) 



and the world-sheet parities 



5 



(^) 



{^)^l■,n(s)v^^^ 0) — ( 1) ^ -^i(r)At;n(s)jy(^(0) 



n(r)/^;7i(s);/;n(i)(5 



(5.15c) 

(5.16a) 
(5.16b) 
(5.16c) 
(5.16d) 



Both of these results follow by local isomorphisms from the corresponding properties of the 
eigenfields. 

To discuss the twisted fields in further detail, we again recall that the commuting 
diagrams 1211 orbifold theory hold as well for the orientation orbifolds. We mention 
in particular the commuting diagram shown in Fig. El for the Einstein coordinates of any 
orbifold. 

X x'^xW = X X 



X x^^Xt/t = x X 

Each vertical double arrow is a local isomorphism 
X = coordinates: mixed under automorphisms 
X — eigencoordinates: diagonal under automorphisms 
X — twisted coordinates 

X = coordinates with twisted boundary conditions 
Fig. El Coordinates and orbifold coordinates 

The fields X in Fig. El which are locally isomorphic to the original untwisted Einstein 
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coordinates 



a;^^(0 — x:'(x(0), / = 0,1 (5.17a) 

(7 

r'{x) ^ x^W^"x(a)„(,)^t/(a)„(,)/(v^f/J) (5.17b) 

^n(r),u^^^ = x:'x(a);(^,)^f/t(a)."«^(^f/t >) (5.17c) 

^7 = xia)-l,^,U^{^V^^Hj=,U^ndnir),^ (5.17d) 



dX 

d 

dn{r)^u = x{<j)n{r)iPi.(^)n{r)^,\V2Uj) -j (5.17e) 

d± 



= -Kmmri)/, X"(-x(0) = -X"(x(0) (5.17f) 

are generalizations of the Einstein coordinates with twisted boundary conditions [24j in 
space-time orbifold theory. 

Using the diagram in Fig. El and following the construction of Ref . [21] , we then obtain 
explicit formulas for the twisted fields of the open-string orientation-orbifold sectors 

X {V2Uj){V2Uj)G^j..j{x-^X{x)) (5.18a) 

" (T 

X iV2Uj){V2Uj)B,j..j{x-^±{x)) (5.18b) 

Hn{r)f,uMs)'^vMt)iwix)=x{cr)n(r)f^Xio-)nis)L'X{o-)nit)5U («" )n{r)^,'U (d )nis)JU{a )n(t)5' 

X {V2Uj){V2U/){V2Uj)H,j.^j.j^j,{x-^%{x)) (5.18c) 

in terms of the untwisted fields G, B, and H of the symmetric sigma model. If we insert the 
explicit untwisted forms of G, B and H given in Eqs. (4.7c,d) for the special case of WZW, 
the general results in Eq. ()5.18|) reduce to the explicit formulas (4.29c,d) given above for 
the WZW orientation orbifolds. 

In the general case, the explicit formulae ()5.18j) can be further evaluated as 

X:'(x) = (x^(^)^° + (-l)^x^W'^^)x(a)„(,),f/(a)„w/ (5.19a) 
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Gnir)^,uMs)uv{x) = G^^^^^^l.^^^^^^{x) (5.19b) 



Xn(r)^.Xn(s)Mnir)f.'Unis)J (G., (x^-^x" (x) ) + (-1)-^ G,, {x'^xl{x))j (5.19c) 
Bnir)^,uMs>v{x) = Bn{t)tn{s)^(^) (5.19(1) 



^("') (x) 
n{r)ij.;n{s)u\ ' 



Xn{r),Xn{s).Unir);Un(s)J fe, (x°-^X° (x) ) + B,j{x^^%l{x))) (5.19e) 



Hn{r)^lU■,n(s)vv■,n{t)Sw{x) — HI,. X{x) (5.19f) 



^n{r)n;n{s)u;n{t)s(^) = Xn{r)^JLXn{s)uXn{t)6Un{r)^l''Un{s)JUn{t)S^ 

X (Hi,k{x^-^±l{x)) + (-l)'"//,,fc(xUxi(x))) (5.19g) 

where we have suppressed some cr-dependence. These results are easily obtained from the 
forms in Eq. ()5.18|1 by doing the sums on the internal two-dimensional indices. 

5.3 The Sigma-Model Orientation-Orbifold Action 

The principle of local isomorphisms also gives us the sigma-model orientation- orhif old ac- 
tion 

S — (5.20a) 

cr 

X= [dt [ dit„ (5.20b) 







'~'(7 \^ n{r)iiu\n[^s)vv\-^ j ' -'-'n{r)fj.u;n(s)uv\-^ J J '^+'^a ^ — 

= ^ E (^^i«.;nW.(^) + E d^x:^^^'^-d.x:^^>^-- (5.20c) 

£,(-0 = C^iO (5.20d) 

by the standard derived isomorphism from the eigenfield form of S. This action, which 
describes all open-string sectors 

h„ = nxh^ e H^, C v4Mt(Iso M) (5.21) 
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of the sigma- model orientation orbifold Am{H^)/ H^, is another central result of this paper. 

For this action, the following variational boundary conditions which describe the sigma- 
model orientation-orbifold branes 

u,v=0 

= 0atC = 0,7r (5.22) 

are obtained in the standard manner by requiring that the bulk and boundary terms cancel 
separately in a general variation of the fields. The more explicit form of these boundary 
conditions 

{G'^Z),Ms)MO)d, - B^Z),Ms)MO)dt) x-^'>\0] = at ^ = 0, vr (5.23) 

will be useful in the following subsection. 

The classical bulk equations of motion for the action ()5.20|) are given in Sec. 6, where 
we develop the necessary twisted Christoffel symbols. 

We finally mention the untwisted two-component interval ds"^ and the orientation orb- 
ifold interval ds"^ 

ds'iO = G.j.^^j{x{i))dx'\i)dx^\i) 

= G,,{x{i))dx\i)dx^{i) + (e -0 (5.24a) 

ds\i) = G„(OMn;„(s)..(x(0)^^*"^'^''"(0^^^"^'^'^'(e) 
1 1 

= E E dx-^^^^-{Odx<^>^--\i) (5.24b) 

ui=0 u=0 

where the space-time parity ()5.4|1 was used to obtain ()5.24a|l . Both of these intervals are 
even under world-sheet parity ^ ^ 
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5.4 Monodromies and Extra Boundary Conditions 



In this subsection, we consider further structure of the sigma-model orientation-orbifold 
branes, concentrating primarily but not exclusively on the case /i^ = 1. 

For this discussion, we will need the h"^ = 1 monodromies 

h\ = l: automorphic responses — > monodromies (5.25a) 

(7 

^n{r)^,u^^ + 27r) = x;^W'^^(Oe^"^^^+^\ m = 0, 1 (5.25b) 

G':;i,,,n,s)Mi + 2vr)) = e-^-^^-^^^Gj) ,^„(,),(x(0) (5.25c) 

B':^),-Ms)Mi + 2-)) = e-^-^^^^^^5i;V;„(.).(^^(0) (5.25d) 

HS),Ms>Mt)sm + 2vr)) = e-^-("'^'^tr"'''+f )^(^) ^^^^^^^^^^^^^(£(0) (5.25e) 

C^{^ + 27r) = L{0 (5.25f) 

which follow in this case by local isomorphisms from the automorphic responses of the 
eigenfields. These monodromies have the same forms as those found for WZW in Eqs. ()4.H5j) 
and ()4.28|) . We note in particular that the coordinates X with twisted boundary conditions 
in Eq. ()5.17|) have mixed monodromy 

r!m + 2vr)) = K\m)^\h^vin)/ (5.26) 

and our coordinates x with definite monodromy in Eq. ()5.25p are the monodromy decom- 
position of X. 

Using the world-sheet parities ()5.16j) and the monodromies ()5.25|1 . one finds the brane 
substructure 

x'^^'^^'^O) = 0, x;j('^)'^"(7r) = unless ^ G Z + i (5.27a) 
(9tx^(^)'^°)(0) = 0, idtx'^/^ni^) = unless ?g G Z + i (5.27b) 
(9^x:J(^')^'^)(0) =0, (9gx::(^')^")(7r) = unless ^gZ (5.27c) 

G^nLn(s)MO)) = 0, ^^„(,),(x(vr)) = unless E Z (5.27d) 

(5tGi^(l).;n(.)J(^(0)) = 0, (5tGi7) ^;.(.)J(£(vr)) = unless I^MgM e Z (5.27e) 
)^;nwJ(*(0)) = 0, (a^Gj) ,^„(,)J(a:(7r)) = unless MzigM e Z + i (5.27f) 
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b'Z.Ms)MO)) = 0, B^^),Ms)M^)^ = unless G Z + i (5.27g) 

idtB^:Lnis).)im) = 0, = unless I^MgM G Z + i (5.27h) 

id,Bi^LMs>)im) = 0, = unless I^MgM G Z (5.27i) 

(^*^i«,;nW.;nW.)(£(0))=0 (5.27k) 

= uuless !iM±J^ ^ Z (5.271) 

= ^-1^^^ --M±^^^ e Z + i (5.27n) 

which has the same form as that found in Subsec. 4.6 for the special case of the WZW 
orientation orbifolds. Note in particular that the coordinates of the basic sector with 
her = 1 are Dirichlet-Dirichlet and Neumann- Dirichlet for x^^^^ and x^^^ respectively, while 
the generic sector with h'^= 1, h„ ^ 1 contains all four coordinate types, D-D, N-D, D-N 
and N-N^^. 

We turn next to explicitly verify the variational boundary conditions (j5.22p . (j5.23p given 
in the previous subsection, using the x, G and B boundary conditions above. In particu- 
lar, the boundary conditions (5.27a-c) on x allow us to reduce the variational boundary 
condition ()5.23|1 at ,^ = to the form 

^ 5r«-"(0 (Gi';:£„(.).(x(0)5«-5l;v;^ x-^'^'^io = (5.28) 

u,v=0 

5£nM,i(^) [G%^^.^^^^^^im)d,x-^^^^^ at e = 0. 

and this quantity vanishes by the boundary conditions of G and B given in Eqs. ()5.27d|) 
and ( |5.27gD . 

To study ^ = vr, we consider first the generic hl = l sector with p{a)=2 in Eq. ()2.30bjl . 

In this case, we instead expand the sum ()5.22j] in terms of the spectral indices n{r),n{s) G 

•l-^Half-integer moded scalar fields ^ and the corresponding twisted open strings with D-N or N-D 
boundary conditions |SS ES] provided the first examples of twisted sectors of orbifolds. 
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{0,1}: 

u,v=0 

sx'^^-io (Gt^^Jmm - B[''X\m)dt) x^^^o] ■ (5.29) 

With this expansion and the exphcit form of the boundary conditions 

^^"^"(Tr) = 5x°''"(7r) = dtx'"'''{7r) = (5.30a) 

d^x'^-{7r) = G^C£{x{n)) = 5i;:;?(x(7r)) = (5.30b) 

it is straightforward to check that this quantity vanishes at ^ = vr. For the basic open-string 
sector p.30a|) with /ig- = p(cr) = 1, the same conclusion is reached 

xO'^"(7r) = (5x°^"(7r) = 9tx°'^"(7r) = 

5a:°^"(7r) {c^^^oliH^m " *°'^^(^) = (5-31) 

because only the n(r) = terms survive in this case. 

We finally emphasize that, as usual, all the boundary conditions at ^ = in this 
subsection follow directly from world-sheet parity, and hence hold for all h^. 

5.5 Example: The Coset Orientation-Orbifold Action 

We give here a brief sketch of our results for coset orientation orbifolds, following the 
discussion of ordinary coset orbifolds in Refs. jH El EBl Elj ■ 

To build the coset orientation orbifolds Ag/h{H^)/ at the operator level, one begins 
with a left- and right-mover copy of any g/h coset construction [HI El ESI 112] 

Jh C Jg, Tg/h = Tg -Th (5.32a) 

Jh C Jg, fg/h = fg-n (5.32b) 

Cg/h = Cg/h = Cg - Ch (5.32c) 
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where Tg and Th are the affine-Sugawara constructions [6,7,36-38,12] of g D h. For our 
construction, we will assume that G/H is a reductive coset space and that the coset con- 
struction is /i(j-invariant: 

f = f(M> KeAut{g), K&Aut{h). (5.33) 
n h 

As studied in the orbifold program under the rubric of H -invariant coset constructions 
lU El ESI Ell , /icr-invariance of the coset construction means that h^j is an automorphism 
of g, and h <Z g transforms covariantly under h^j. Each such system is then automatically 
invariant under the general orientation-reversing automorphism = Tixhcr, in agreement 
with the results of App. B. Then the method of eigenfields and the principle of local 
isomorphisms gives the twisted currents and stress tensors of sector 

•^^oM ^ "^soW' ^0o(^)/fioW ^ '^soi^) " ^f)oM' ^0oW/f)o('^) ^ "^^a/h (5-34) 

as well as the half-integrally moded Virasoro generators of Refs. ^ ES|- The individual 
stress tensors Tg^(^„) and T^^^^^ are the twisted affine-Sugawara constructions associated 
to the twisted current algebras go(<^) ^ f)o(<^) of the corresponding WZW orientation 
orbifolds. 

At the classical level, we begin with the general gauged WZW model [39-43,23] 
Sg/h[M,g,A±;r] = Swzw[M,g;r] + i- jdt j\Tr{M{g''d+g{zA_) 

- iA+d^gg-^ - g-^A+gA^ + A+A_)) (5.35a) 

= -ih^^d+h+, A_ = -ih^d^hZ^ (5.35b) 

for the g/h coset construction, where M is the data matrix in Eq. (j2.4p . In agreement with 
the operator argument above, this action is invariant under the general orientation-reversing 
automorphism = TiX 

A±{0' = T)A^{-OW\K; T) (5.36a) 

h±{a = W{K- T)h-\-i)W\K- T) (5.36b) 
Sg,u[M,g\A^-V] = Sg,n[M,g,A±-V] (5.36c) 

when the g/h coset construction is /io--invariant. Here W is the action of in rep T and 
g' is given in Eq. ()2.8ap . 
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In this case, the appropriate two- component gauge fields are: 

A+{^) = -ih-^d+h+, A_{i) = -ih_dAz} (5.37b) 

i±(-0 = rii^(Ori, h±{-0 = nh^iOn (5.37c) 

^(0' = nW{K;T)A±{OW\K;T)n (5.37d) 

/^±(0' = nW{h^;T)h±{OW\h^;T)T, . (5.37e) 

A two-component gauge transformation matrix ^"(0 ^^^^ necessary 

^(0 = "^f j , i± - 4 = + (5.38) 

to put the standard gauge transformation of A± into two-component form. The two- 
component form of the gauged action on ri/2 is then easily worked out 

Sg/h[M^h, g, i±; Ti] = Swzw[M(g)h, g; 

2 2 

+ ^ jdtj^^difr{{M®%){r^d+~g{iA_)-iA+d^~gr^ -~g-^ A^~gA^+ A+A^)) (5.39a) 

= Sg,h[M,g,A±-T] (5.39b) 

where the WZW action on ri/2 is given in Eq. (j3.4p . 

The extra eigenfields A±, ()± and \E' associated with the gauging 

0(T, i, a) = UU{T, a)d{T, i)U\T, a)U^ (5.40a) 

= S,^±,f)±,^, = ^,i±,/i±,^ (5.40b) 

are constructed in analogy to the eigengroup elements in Eq. ()2.16a|) . The usual structure 

of these eigenfields is easily worked out, but we omit the details for brevity. Then the 
principle of local isomorphisms 

S— ^, ^±^i±, f]±^/i±, ^— (5.41) 

a (T c a 

gives the following results in the open-string sectors of the general coset orientation orbifold. 
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In the first place, we record the twisted Polyakov-Weigmann identity j2S| on ri/2 

Sgo{a)[M ® l2,gh- Tl] = 4oM[-^ ® "^2,9] Tl] + 4oM[-^ ® "^2, k Tl] 



(5.42) 



where the WZW orientation-orbifold action 5'go(cr) on ri/2 is given in Eq. (|3.9|) . We also 
obtain the general coset orientation-orbifold action 

-^SoWAowt^' ^±5 Tl] = [A^ ® ]l2, ^; Tl] 

+ ^ Jdt£d^fr(^{M(g)l2){r'd+g{iA^)-tA+d-gg-'-g-'A+^ (5.43a) 

i+ = -ih-^d+h+, i_ = -ih_d^h-J (5.43b) 

^ G So(fT), /i± G ^o(fT) C 6o(fT), i± G /lo(fT) C ^o((t) (5.43c) 

[M ® lis, ^] = [A^ ® ]l2, h±] = [M® ]l2, i±] = (5.43d) 

which describes open-string sector of the general coset orientation orbifold Ag/h{H^)/ H^. 
Here 0o(c") is the group formed by the set of all group orbifold elements g (exponentiated 
from go{(y)), the quantities h± are arbitrary subgroup orbifold elements in the subgroup 
^o(c") (exponentiated from ho{cT)) and A± are the orientation-orbifold matrix gauge fields. 

The coset orientation-orbifold action ()5.43|) is a gauging of the WZW orientation- 
orbifold action ()3.9p by a general twisted vector gauge group 

g{T, t, a) ^ g{r, t, a)^ = ^{T, ^, t, a)g{T, ^, t, a)^-\T, ^, t, a) (5.44a) 
h+{r, e, t, a) ^ h+iT, e, t, af = KiT, i, t, a)r\T, ^, t, a) (5.44b) 
L (r, t, a) ^ L (T, t, 0-)'^ = V^(r, e, t, a)L (T, t, a) (5.44c) 

i±(r, t, a) ^ i±(r, t, af = ij{r, e, t, a)i±(r, ^, t, a)r '(^, ^x) 

+ ^a±V^(r, e, t, a)V^-^(r, t, a) (5.44d) 
[M®hJ{T,^,t,a)]=0 (5.44e) 

^^oHAowl-^ ® ]i2,^^/^i;ri] = ^^,(.)/^,(.)[Ai ® h,gM;ri] (5.44f) 

where the twisted gauge transformation matrix tjj G i3o(cr) is any subgroup orbifold element. 
As seen in Eq. ()5.44f|) . the general coset orientation-orbifold action is invariant under the 
general twisted vector gauge transformation. 
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For the action of world-sheet parity on the twisted gauge fields and the twisted gauge 
transformation matrix, we find 

= r34(r,0r3, ^±(r,-e) = T,h-\T,i)T, (5.45a) 
^(r,-0 = r3V;(r,Or3 (5.45b) 

and each of the new twisted fields commutes with ri, as usual. These commutators tell 
us that the new fields also have only two independent components in the two-dimensional 
space, for example: 



i.(r,e,t,.)^i ^i;^^'^'^'^) ^f;;(^'^'^'-) i (5.46a) 



A^^\r,-u,^) = (-i)"4"Hr,e,t,a). (5.46b) 
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In the special case of the class = 1, all the fields defined here have the usual monodromy 

hi = 1, E(T, af = l: OiT, i + 27r, a) = TsE{T, a)0(r, ^, a)E*{T, a)rs 

O = g,h±,A± OT ip (5.47) 

as given for g in Eq. ()2.25b|) . It follows in particular that each term of each integrand of 
the coset orientation-orbifold action is 27r-periodic. 

To explicitly construct the twisted sectors of particular coset orientation orbifolds, the 
standard procedure pSj is to incorporate the embedding S)o{'^) C C5o(cr) at the tangent- 
space level 

g ^ g« ln(r)^u ^ = g«P ^n(r)MU (5.48a) 

Jhir)fiu{^, t, cr) = Rr{(y)fi^Jh(r)i,u{i, ^, 0"), M = 0, 1, \/n{r),fi e hoia) C ^o(cr) (5.48b) 

T^r)ftuiT, a) = i?r((j)/Tft(r)^„(T, a) (5.48c) 
{n{r)} C {n{r)}, dim{/i} < dim{/i} (5.48d) 

where Rr{(j) at fixed n(r) is the embedding matrix of both ^o(o") C 0o(c") and ho{(y) C 
go{o')- We emphasize with Ref. j23j that the orbifold affine algebras and their corresponding 
orbifold Lie algebras 

['^9oW(')> J'soHi')] = ^•^£ioW'^9oW(') + ^9oW — ' KoW''^oh] = ^-^soM^oW (5.49a) 
[^fjoM(')' '^f)ow(')] = ^-^fioW^fjoM^') + ^fioW ' ['^oW'^^om] = ^•^^oW'^^oM (5.49b) 
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share the same twisted structure constants ^go(<T) and ^^^(^„y 

We turn next to the variational boundary conditions imphed by the coset orientation- 
orbifold action. Assuming provisionally that the previous boundary conditions from the 
WZW orientation-orbifold action continue to hold, we find the following list of boundary 
conditions 

at ^ = 0, vr : 



m)- 


= rHO = 




(5.50a) 




= fr (^{M^ 


^h){9A+ + A^g-')S9) =0 


(5.50b) 




= f?(^{M^ 


)l2)i^~'dMg~'6g + 6gg-')^ =0 


(5.50c) 




= Tr [{M(^ 


)h)i^-'dS{r'6g-6gg-')) =0 


(5.50d) 




= Tr ({M^ 


)h)[g~\ij"'d^i']{dpgg-'6g - 6gg-'d,g)) = 


(5.50e) 



where we have neglected total time derivatives in the variation, as usual. The first two 
boundary conditions in Eq. ()5.50aj) were obtained earlier in Eqs. (13.12bjl and (j3.13djl . The 
boundary condition on Ki{^) in Eq. ()5.50b|) is obtained by varying the gauge terms in the 
coset action ()5.43p . while the boundary conditions on Bi{^), i = 1,2,3 arise by requiring 
that the first three boundary conditions are gauge-invariant. 

Using the world-sheet parities in Eqs. ()2.21d|) and ()5.45p . it is straightforward to show 
that all these quantities are odd under world-sheet parity 

K{-0 = -K{0, RH-0 = -RH0, i^i(-0 = B,i-0 = -B,iO (5.51) 

so that the variational boundary conditions in ()5.50j) at ^ = are automatically satisfied. 
Moreover, for the class h"^ = 1, all these quantities have trivial monodromy and therefore 
all the boundary conditions ()5.50p are likewise satisfied explicitly at ^ = vr. 

Similarly, we obtain the boundary conditions on the twisted gauge fields 

i(_")(r,0) = (-l)Mj'^(r,0) (5.52a) 
hl = l, E{T,af = l: iL"^ (T, vr) = E* (T, a)Af (T, 7r)E(T, a) (5.52b) 

from the world-sheet parity ()5.46b|l and the monodromy ()5.47|1 . 
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Our final task is to integrate out the twisted matrix gauge fields 

i+(T, e, t, a) = if t, a)%^r)f.uiT, a) G hoia) (5.53a) 
i_(T,e,t,a) = i!('-)''"(^,t,o-)raM^„(T,a)(-l)" (5.53b) 
^n(r)A«^^^ t, a) = if )^"(-e, t, a) (5.53c) 

to find the equivalent orientation-orbifold sigma-model form of the coset orientation-orbifold 
action. For this computation, we will need the definitions 

= Rs{o')u Gn{r)fiu;n(s)uv{o') = Rs(yCf)u Gh{s)uv;n{r)fiu(yCf) =Gn{s)C'v;n{r)^iu{o') (5.54a) 

= Rr{,0-)(j,^Rs{a)y^Qn{r)nu;h{s)vv{0-) = Gh{s)£'v-h(r)fiui'^) (5.54b) 

Gh{r)llu;n{s)uvi'^) (^u+v,Omod 2^n{r)+n(s),0mod p{a)Gh{r)jlu]—h{r),u,—u(y'^) (5.54c) 
^n(r)/iu;n(s)£>i) (''") ^u+v,Omod 2^n(r)+h{s),0mod p{a)Gn(r)flu]—h{r),u,—u(^'^) (5.54d) 

f^(x)aMA«^'^'' = ^r(^)A^^(^)nMM«^'^'" (5-54e) 

^{S:)n(r)flu;n{s)uv =^{x)n{r)flu^ Gn{t)5w;h{s)Pv{'^^ (5.54f) 

where is the twisted data matrix in (j2.14fj) . ^[^^(o-) — {Gn(r)iiu;n{s)i>v{cr)} is the induced 
tangent-space metric on the twisted affine subalgebra i)o{cr), and Q is the twisted adjoint 
action in Eq. ()4.29|1 . The induced metric ^(,^(0-) is invertible in the ho{cr) subspace 

^n(r)A«;n(i)5«;('^)^"^*'''^"''"^'''"'''('^) = '^a'''^«-^,0 mod 24(r)-n(s),0mod p{<r) (5.55) 

because the original /io--symmetric coset construction |(/io-) was a reductive coset space. 

Following the conventional procedure, we may then integrate out the twisted matrix 
gauge fields by solving their equations of motion: 

2> |(A<®]12) (^-td^gg-' - gA-g-' + i-) T^ma^} = (5.56a) 

f?\{M^l2)(ig-^d+g-g^^A+g+A+^Tn^r)i.u}=0, u = 0,l, ^n{r), fieho{cx) . (5.56b) 
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After some algebra, we find that open-string sector h^j of the general coset orientation 
orbifold Agjh^H^) / is described by the sigma model orientation-orbifold action ()5.20p 
with the special values of the twisted Einstein metric and twisted B field 5*°*: 

— 2^ {x)n{r)nu;h{r')fi'u'Z {x)n{s)uvMs')i^' V {xY^" '''^ ^'^ (5.57a) 

•^(■^)n{r)/in;n,(s)i^ii = c(x)}i(r)/ju ^ ^ Qn(t)5'w;n{s)uvi^'^") (5.57b) 

Z (,£)n{r)fj,u;n{s)uv — ^i,^) n(r) fiu ^ ^ Gn(t)Sw,n(s)uv^'~^') (5.57c) 

-^h{r)fiu;h(s)uv{£) = (^(c) ^{x))n(^r)fiu;h{s)uv ■ (5.57d) 

Here the quantities G,B,e and Cl are the WZW orientation-orbifold fields defined in Sub- 
sec. 5.3, and the quantity e is given by: 

-ig{T,x)dn{T)iJiu9'^{T,x) = e{x)n(r)i,u"^'^''''%i(s)^v (5.58a) 

e(x(0)nw,n"(^)'^^ = -(e(a;(0)^^(i(0))„(,)^^^^^^^ (5.58b) 

The matrix X{x) in Eq. ()5.57d|) is invertible in the ho{cr) subspace because the induced 
metric ^^^(o-) — {Gh{r)iiu;his)i>v{cr)} is invertible. The same result ()5.57p for the sigma- 
model form of the coset orientation-orbifold action can be obtained by eigenfields and local 
isomorphisms from the sigma- model form of the coset action (see App. B). 

The coset orientation-orbifold sigma models should be considered in fixed gauges such 

as: 

= X^^ Qn{s)uv;h(r)jlu{(^) — '^^cr'^ S -h{r),u;n{r)fi{'^) ■ (5.59) 

The contribution of the orientation-orbifold dilaton to the coset orientation orbifolds is 
included in the discussion of Sec. 6. 

5.6 Example: Twisted Open-String Free Bosons 

As another example in the sigma model, we consider the simple case of free bosons with a 
linear symmetry uj{h^) 

Gij{x) = const., Gij = u{h„)i'u{K)j^Gku Bij{x) = (5.60a) 

dtj d^Gijd+x'd.x^ (5.60b) 
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which may be considered as the abehan hmit of the WZW models. 

In open-string orientation-orbifold sector = ti x h„, the results of the preceding 
subsections reduce to 

Gn{r)tiu;n(s)i^v{x) = COUSt. (5.61a) 
= '^n(r)+n(s),Omod p(CT)'^M+D,Omod 2G'[j(|.)^._„(j.)_i, (5.61b) 

= 26^n(.)^;„(.).(a) (5.61c) 

Bn{r),uMs)uv{£) = 0, xf-^^^{-0 = (- 1)"^!^^ (e) (5.61d) 

S^ = ^[dt fdi d^x<^^^-d.x-<^^^^'-- (5.61e) 

= (5.61f) 

where x are the twisted open-string free bosons and Q is the ordinary twisted tangent space 
metric in Eq. ()2.19c|) The variational boundary condition ()5.22j) takes the form 

1 

^nM.;-nM,. E d,x<^^^'^5x-'^^^'^^'- = at e = 0, TT (5.62) 

which also follows of course by variation of the action ()5.61e|) . One way to consider these 
boundary conditions is to take 5x infinitesimal and divide by a corresponding time incre- 
ment 6t: 

1 

^i«.;-n(.),. E ^e^^-^'-^'^-^^^-"^^'^''^'-" = at e = 0, vr . (5.63) 

Similarly, 5x can be replaced by dtx in the general boundary condition ()5.22j) . 

In our previous paper we gave the correct coordinate boundary conditions or branes 
for these twisted bosons 

^^^n{r)MO _ 5^£n(r)A.l _ g at ^ = (5.64a) 
Q^^n{r)i,u ^ ■ ^an(^7r)9gX"(")^" at ^ = TT (5.64b) 

as well as the corresponding field expansions and quasi-canonical algebra. The boundary 
conditions ()5.64p were derived from the equations of motion 

^^£n(rV«_2^"('')^";"W^"(a)J„(,)^^(e,t), 9_£"W'^" = 2^"('')^";"W^''(a)J„(,)^^(-e,t) (5.65) 
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using the monodromies of the currents - which are known from the operator theory. This 
situation is analogous to that which was encountered for WZW orientation orbifolds in 

Eq. (nn}. 

At ^ = 0, these coordinate boundary conditions are the same as those which followed 
from world-sheet parity above, and they correspondingly satisfy the variational boundary 
condition ()5.63|) at ^ = 0. 

The coordinate boundary condition ()5.64b|) also solves the variational boundary condi- 
tion ()5.63p at ,^ = TT. To see this, one needs only the identity 

1 

Gf^r),;-nir),. tan(^7r) d.x^^^^^ d.x-^^'^''^ = (5.66) 

u=0 

which follows because the tangent is odd under the relabelling n{r)fiu —n{r), u, —u of 
the dummy indices. 

Although mixed boundary conditions such as Eq. ()5.64b|) are conventionally associated 
to non-zero B field backgrounds, we emphasize that there is no twisted B field in the 
background of these twisted open-string free bosons. 

6 The Orientation- Orbifold Einstein Equations 

In analogy to the Einstein equations [44-49,13] of the untwisted sigma model Am and the 
twisted Einstein equations |21] of the ordinary sigma-model orbifold Am{H^)/ H^, we will 
now construct the twisted Einstein equations of open-string sector h^r of the sigma-model 
orientation orbifold Am{H_)/ H_. 

6.1 The Two-Component Form of the Ordinary Einstein Equations 

We begin this construction"'"^ with the ordinary Einstein equations [44-49,13] 

Rij{x) + \Hkl{x)H\,{x) - 2Vi<Pj{x) = (6.1a) 
{Vk-2Mx))H^,{x) = (6.1b) 

which describe one-loop conformal sigma models in the presence of a general dilaton vector 
(pi (see e. g. Ref. [IH])- The special case of the ordinary dilaton solution is 

(j). = Vi</. = di(j) (6.2) 
•'■^The Riemann and Ricci tensor conventions of Ref. J3| are follo"wed here. 
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where is the dilaton. 

We first ask which of these Einstein systems is invariant under the basic orientation 
reversal 

x\0' = -x\-0, 0{xy = 0{x') (6.3) 

where O includes any tensor. To compare the original Einstein system 1)6.11) with the image 
of the system under orientation reversal, we need the basic space-time parities 

Gij{~x) = Gij{x), Bij{-x) = -Bij{x), Hijk{-x) = Hijk{x) (6.4) 

(which we already know from the invariance of the sigma-model action) as well as the 
derived space-time parities 

G'^{-x) = G'^{x), Hij\-x) = Hij\x) (6.5a) 
r,/(-x) = -r,/(x), V,(-x) = -V,(x) (6.5b) 
Rijki{-x) = Rijki{x), Rij{-x) = Rij{x) (6.5c) 

which follow from the standard formulae of Riemannian geometry. Then we find that the 
necessary and sufficient condition for invariance of the Einstein system is the following 
space-time parity of the dilaton vector: 

(pi{-x) = -0i(x) — > (Pi-x) = 4>{x) . (6.6) 

We recall that the space-time parities ()6.4)1 were verified in Subsec. 4.1 for WZW models and 
principal chiral models. Appendix B also shows that the space-time parities in Eqs. ()6.4|1 . 
()6.5|) hold for all (reductive) coset CFTs. 

As discussed for the sigma-model action in Subsec. 5.1, the space-time parities above 



allow us to rewrite the Einstein system in the two-component notation: 

R,,.^^j{x) + \H^K-J\^)H^^iL;A^) - 2V,,</.,j(x) = (6.7a) 

(V,x - 20,^(x)) H'^^,.^^j{x) = (6.7b) 

x'^(0 = (-1)V((-1)^0, d,, = ^, j = 0,l (6.7c) 

ox" 

G,/;,j(x) = 6jjG,,ix^), B^j.^^jix) = 5jjB,,{x') (6.7d) 

Hii-jj;kki^) = diiBjj.kki^) + cyclic = 5jj5jj^Hijk{x^) (6.7e) 

0.,(x) ^ 0,(x^) ^ -^0(xO. (6.7f) 
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In the two-component notation, we assume all the standard formulae of Riemannian geom- 
etry with i ^ il for every index - for example: 

G'^'^j{x) = 5^^G'^{x^) (6.8a) 

= 5,j5j^T,,\x') (6.8b) 
V,i0,j(a:) = %</>,,(x) - T^iJ^{x)<^,^{x) = 6,j [d^M^^) - T,,'{x^)M^^)) (6.8c) 

More generally, the two-component analogue of any Einstein field O has the form 

t'l-' 1 i ■ • • ) ''Tn -« m 

^nA;..it!t-"'"(^) = ^U. ■ ■ ■ ^I^^.lJjy''' ■ ■ ■ S'-''^0,Jl:'"i^'') (6.9b) 

^^^n/... iff '"'"(^) = ^n^^i^i^ ■ ■ ■ ^i^-.iJiy'''' ■ ■ ■ ^'-''^d,iOJV-{x') (6.9c) 
where the Kronecker deltas in these results set all J, J indices equal. 

In this formulation, the action of the basic orientation-reversing automorphism involves 
one Ti for each / index. This includes the transformations in Eq. ()5.8|) and for example: 

a;^^(^)' = -x*-^(^)(ri)/, A{x)' = A{x') (6.10a) 
^uj^'i^y = ^u-J^'i^') = (n)/(ri),^r,,^,.M'="^(x)(rO^^ (6.10b) 
Ru;M = Ru;d^') = (n)/'(ri)/i?,^^,^(x) . (6.10c) 

The invariance of the two-component Einstein system in (|6.7p under the basic orientation- 
reversing automorphism is now immediately transparent. 

The space-time parities of the two-component fields 

= G,j,,j{x), B^j.^^j{-x) = -B,i.^^j{x) (6.11a) 

Hii-jj-kki-x) = Hij;jj-kkix) (6.11b) 

^u-J^'h^) = -r.,,/^(^), V,,(-a:) = -V,,(x) (6.11c) 

Riijji-^) = Rii;jAx), (Piii-x) = -(Piii^) (6. lid) 

follow from Eqs. ()6.4|) - ()6.5p . and in fact form a symmetry of the two-component Einstein 
system ()6.7p . We emphasize however that the space-time parity is not a symmetry of the 
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sigma-model action ()5.1a|) . just as electromagnetic duality is not a symmetry of the Maxwell 
action. 

The world-sheet parities of the two-component fields include those in Eq. ()5.7|) and 

G'''^'{x{-0) = G^^-^^\x{mri)K\r,),' (6.12a) 

HuJ^'i^'O) = (ri)/(ri)/^if,,,M'^(x(0)(ri)^^ (6.12b) 

r.,,/^(x(-0) = -(n)/(ri),^r^i^,.^/^(x(0)(ri)^^ (6.12c) 

V,/(-0 = -(n)/^V,j(0, Ru-,j{x{-i)) = (ri)/(ri)//2,^^^.^(x(0) (6.12d) 

Ru;j;kK-d<-0) = (n)/'(ri)/(ri)^^(ri)^«i?,M,W;.P,Q(^(0) (6.12e) 

<Pui<-0) = -iri)/<Pui<0) H^'i-O) = 0(^"(O(ri)/) (6.12f) 

which follow from the definitions of the two-component objects. The general rule for the 
world-sheet parities is one ti for each / index and an extra minus sign when the space-time 
parity is odd. 

We turn next to the action of the general orientation-reversing automorphism h^r on the 
two-component fields. For x, G, B and iJ, this action is given in Eq. and the actions 

on the other fields 

x'\a = x^\iW{K),\n) /, A{xy = A{x') (6.13a) 
^uJ^{^y = ^uJ''{^')=^{K)MK)n^,)nr,)^^^^^ (6.13b) 

R-ii;jj;kk;lLi^) = R-ii;jj;kk;lLi^ ) 

= uj{K)^'-u{K),-u{KYu{K)nri)i'^{r,)/ (6.13c) 

Ru;A^)' = Ru,d^') = ujiKyMK)/in)i^in)j'^R,^.^,i^ix) (6.i3d) 

follow by the standard formulae of Riemannian geometry. With the corresponding trans- 
formation of the dilaton vector 

= <l>d^') = ujiKVin)jU^jix) (6.14) 

we find that the two-component Einstein system (j6.7|) is covariant under this automorphism. 
The general rule for the transformation of the Einstein fields is a factor ujti for each down 
index and a factor cijVi for each up index. 

As above, the space-time parities ()6.11|) can be used to see that the linear symmetry 
conditions ()5.1Up for G, B and if, as well as the corresponding linear symmetry conditions 
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for the other fields 



G'^ixw^) = G''\x)iuj^)k\uj^)i' (6.15a) 

r,/(a;^t) = ,;/,;^.™ri^«(x)(^t)^fc (6.15b) 

Rijkl{xLJ^) = UJi'^UJj'^UJk^UJl''Rmnpq{x), Rij{xU}^) = UJi'^u/ Rkl{x) (6.15c) 

= iUi^(l)j{x) — > 0(xci;^) = (6.15d) 



are incorporated in the transformations ()6.13|) and ()6.14|) . The general rule for the linear 
symmetry conditions involves one u for each down index and one tu^ for each up index. 

6.2 Riemannian Eigenfields 

Using the eigenvector matrix of the Einstein-space if-eigenvalue problem we next 

define the corresponding Riemannian eigenfields 

U{aUr);U{aUs)J{V2U^)iV2U,')G^j.^^jixiX)) (6.16b) 
= x(^)n(rOM^(^)nW^^^(^)"MMf^(o^)"Wi^^(v^^"0(v^f^/)^i/;jj(a;(X)) (6.16c) 

H„(rV„;„(s)i.„;„(t)5tt,(X) = x(o-)„(.r)^X(CT)„(s),.x(CT)„(t)5t/((T)„(r)^*f/(a)„(s)i.^f/(cr)n(t)/ 

X {V2Uj){V2Uj){V2Uj)H,j.^j.,^{x{X)) (6.16d) 

7n(r)M«;n(s)yr«"^*^'^"'(3^^) = Xn{r)fiXn{s)vUn{r)^i''Un{s)J{'^Uj){-\/2Uv'^) X 

X r,,,/^(x(X))x4),(f/^)."^*^'(^f/V^) (6.16e) 

^n(r)/iu;n(s)i/v(^) = Xn(r)/^Xn(s);/f^ra(r)/x*f^n(s);/'' (^/2L/'„^) (^/2L/^,"^)i?jj.J■ j(x(X)) (6.16f) 
<I>„(,)^„(X) = Xn(rVt^n(rV'(V2f/«O0i/(a;(X)), U^V^WE {0, 1} (6.16g) 

where the x's are arbitrary normalization constants. The general rule for the eigenfields 
is a factor xU{cr)V^U for each down index and a factor x^^f/^(cr)-^[/^ for each up index. 
This prescription diagonalizes the automorphic response of all the eigenfields, for example: 
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n{t)5w f 27vi{ ^^^^~'^^^^'^~^^^'^ I n{t)5'w 

*^'"'(X) (6.17a) 

= 6 ^ 'T^n(r)fMu;n(s)uv;n(t)Sw;n{q)ey{'-^) (6.17b) 

7? ^ ^ ^ ^ (T) — P(<T) +~)7? , . fTl ('6 17r'l 



= e"'"*^^+^^$„M/.n(X) . (6.17d) 

The general rule for the automorphic responses of the eigenfields is a negative (positive) 
phase for each down (up) index. 

As above, these eigenfields are two- component fields in the two-dimensional space. For 
example one has the forms of Q, B and Ti in ()4.21|) . as well as: 

gn{r)f,uMs)uv^^^ = ^("^^^^'^'"^'^^ (X) (6.18a) 

Mr).uMs>^''^''''"m = 7l;v,;7i/(*^^(x) (6.i8b) 

T^n{r)iiu;n{s)uv;n{t)5w;n{g)ey{'X,) = T^n{r)tM-,n{s)i\n{t)5-,n{q)€i'^) (6.18c) 

'R'n{r)t,uMs)<^v{'^) = T^n{t)ln{s)y^'^'^ ' (6.18d) 

These relations are special cases of the general eigenfield identities 

n{s-i)v-iV-i;...;n(sn)vnVn /rj(Siti-Stij) n{s{)vi\...;n(sn)vn /g \Qq\ 

n{ri)iJ,iUi;...;n{rra)tJ.mUm ~ n(ri)iii;...;n{rm)lJ.m ^ ' ' 

^ n(ti)SiWi;...;n{t„)5„Wn ^{u+T,Vi-'Ewj) n(ti)5i;...;n(t„)<5„ 



Qjrn(r)fj.u n(si)i/ivi;...;n(sm)i'mVm n{r)fi;n(si)i^i;...n{sm)i^m ^ ' ' 

which follow from Eq. (|6.9p and show the two-component structure for any eigenfield O. 

6.3 Open-String Twisted Riemannian Geometry 

We then use the principle of local isomorphisms 

X — >x, g — >G, B — > B, n — > H (6.20a) 

a a <T a 

7 — ^f, 7^ — > R, $ — (6.20b) 
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to obtain the corresponding twisted fields in the open-string sectors. Relations among the 
twisted fields include 

-4(,)e.G'„(,)^„;„(,).,(x))G"(^)-'"W^-(x) (6.21a) 

^ n{r)iJ,u4'n{s)uv{^) — 9n{r)iJ,u4'n{s)i'v{^) ^n{r)iJ,u;n{s)uv ^ ^ {^)4'n{t)Swi^) (6.21b) 

where f is the twisted Christoffel symbol and (j) is the orientation-orbifold dilaton vector. 
The twisted Riemann tensor is constructed as usual from the twisted Christoffel symbol. 

We note that the twisted Christoffel symbols appear in the classical bulk equations of 
motion 

(9±5„(,).,"W^'' - a±£"W^'"(f(^))„(,)5^.„(,).J^('-)'^«) = (6.22a) 

f(±) = f ± (6.22b) 

which follow, as promised in Subsec. 5.3, by variation of the sigma-model orientation- 
orbifold action. 

Further applying the principle of local isomorphisms, we now discuss other properties 
of the twisted fields, beginning with the space-time parities 

0±(-£) = ±0±(£) 
0+ — G,H and the R's, 0_ — x,B,r and ^n[r)ixu (6.23) 

which are the same as those of the corresponding untwisted fields. 
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Similarly, each twisted field has only two independent reduced components 
d 

dn{r)ij.u{0 = Q^n{r)^lu^^^ ' ^n(r)At« (0^^"^^'''''' (0 = Sn{r)-n{s), mod p(a)S f," Su~.v,0 mod 2 (6.24a) 



Gn{r)tJ.u;n{s)uv{x) — G'i(r);i^;ri(s);/ (^) 


(6.24b) 




(6.24c) 


fj friu+v+w) /^N 
J^rl{r)^lU■,n{s)uv■,n{t)Sw\•^- ) ''^ n{r)ii;n{s)u;n{t)S\^ f 


(6.24d) 


f n{t)5w ( _ -p{u+v-w) 

J- n{r)iiu;n{s)uv \-^) n{r)^l■,n{s)u V"^/ 


(6.24e) 


-n-n(r)AJ«;n(s)i/i);n(i)(5«);n(g)ej/l,a;j — -n'„(r)^;„(s)jy;„(t)5;„(g)e l^; j 


(6.24f) 


-Rn(r)/^n;n(s)i/»;(a;) = R[i{r)l-n{s)ui^) 


(6.24g) 


Q n{s-i)v-iv-i;...\n{sn)unVn ^{'Slui~T,Vj) n{si)ui;...;n(s„)un 

n{ri)fiiui;...;n{rm)lJ.mUm ~ n(ri)/ii ;...n(rm)Mm 


(6.24h) 



and we have checked in detail that the reduced two-component structures are consistent 
with the formulae of Riemannian geometry. In this demonstration, we found the following 
formulae to be useful 

A A n{ti)5iwi;...;n{tri)S„w„ A,{u+T,Vi-T,Wj) n{ti)5i;...;n{t„)5„ /„ 2Rq\ 

1 

n{t)5(;^\ _ 1 \^ ( A Mw) /-\ I o Mw) /^N 

^ n(T)^l■,n{s)u \-^) ~ 2 2-^ y-'n{'r)lJ-u'^ n(s)v;n{q)e\-^ > ^ ^n{s)uu'^ n(r)tjL;n{q)t\-^ ) 

u=0 

-^n(.)e«Gi7i,^„(,),(x))G;if-"«^(x) (6.25b) 

^ A n{ti)Siwi;...;n{tn)SnWn _ jj{u+T.Vi-Jlwj) n{ti)5i]...;n{t„)Sn /g 2^c) 

1 

^ n(r)^lu(i)n{s)uv{.x) = dn(r)fio4>n(s)u,u+vix) + ^nMaln(l)J'^^^^(^)^n{t)5wix) (6.25d) 

«>=0 

where the general relation in ()6.25a|) follows by local isomorphisms from Eq. ()6.19p . 
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In terms of the reduced quantities, we find the world-sheet parities 

V„(.)^„(-e) = (-1)"+'V„(.)^„(0 (6.26a) 

^'^^^^^(x(-O) = hirG-S'-'''^-'^''m)) (6.26b) 

ri;V;nw/^*^'(*(-0) = (-l)'"^'r5) ^;„(.)/^*^'(^(0) (6.26c) 

-^i(r)/i;n(s)j.;n(t)5;n(g)e(^(~0) ^ ("-'") -^i(r)/i;n(s)i/;n(t)5;n(g)€(^(0) (6.26d) 

R^:il),Ms)M-0) = i-^rR':il),Ms)MO) (6.26e) 

0n(r)^«(x(-O) = (-l)"+Vn{r)M«(£(0), U,We {0, 1} (6.26f) 

which should be considered together with those given earlier in Eq. ()5.16p . 



Following the procedure shown in Fig. El we have already given the explicit forms of 
G,B and H in Eqs. fj5.18|) . ()5.19p . and we similarly give the explicit forms of the other 
twisted fields: 

^nWM«;n(.)..(£) = G'^-'^-\x-^±ix))x:l^^^x:l),^ (6.27a) 
^nMM;nW-(£)^i ^^.,(^o_^^o^^^^ + (-l)-G*^(xUx'(x))) X 

-p n{t)Swf;:x\ —1 TT ijT jjj] n{t)S 

J- n{r)^iu\n{s)uv {X ) — Xn{r)iJ,Xn(s)vXn{t)5^ 'ri{r)fj. ^ n{s)u ^ k ^ 

X {V2UJ){V2U,-^){^U^ ^nT,iJ^{x-^±{x)) (6.27c) 

f^{w) n{t)5f;^\ _ 1 IT "i-TT JTT'f "(*)^ v 

X (^r,/(a;°-^i°(x)) + (-l)"r,/(xUx'(x))) (6.27d) 

Rn{r)fiu;n{s)vv{.x) =Xn{r)tMXn{s)Mn{r)fj.''Un{s)J{V2Uj){\^U^-^)Rij.jj{x---^X (6.27e) 

^iMM;n(.).(^) =X„(0/.Xn(.).f^nM/f^n.Wv' (x°-^X° (x) ) + (-!)"'/?,, (xUf (x) )) (6.27f) 

<^n(r)A*«(£) = Xn(rVt^n(rV*(V2f^«^)0i/(a;-^X(x)) 

= Xn(r)^.Ur.{r)^.\V2Uj)Mx'^x\x)) . (6.27g) 

Here G^^Tij^, Rij and 0i are the original untwisted Einstein fields and X is the Einstein 
coordinate with twisted boundary conditions (see Fig. El and Eq. ()5.17|) ). Including the 
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results in Eq. ()5.18|) . the general rule for the unreduced explicit forms (with the full set of 
n(r)/iM indices) is x — > X(x) and a factor xU{a)^/2U or x~^?7^(cr)-^f/"l' respectively for 
each set of down or up indices. 

For the special case of the dilaton solution, we obtain the particular form of the 
orientation-orbifold dilaton vector 

(j)n{r)t^u{x) = Xn{r)piUn{r)^i\\/^Uj) -0(X {x)) (6.28a) 

df 

= Xn(r)^Unir)f.\V2Uj)—j{(P{x\x)) + 0(x'(x))) (6.28b) 

d± 

= dn{r)i,uH^) (6.28c) 

0(x) = 0(X°(x)) + 0(x\x)) (6.28d) 



where we used Eqs. ()6.7fj) . ( |6.27g| ) to obtain Eq. (|6.28a|) . and Eq. (j5.17e|) to obtain the final 



form in Eq. (j6.28cp . Here (j){x) is the original untwisted dilaton and 0(x) is the orientation- 
orbifold dilaton. The world-sheet and space-time parities of the orientation-orbifold dilaton 

0(x(-o) = km), k-m) = km) (6.29) 

follow from the corresponding properties of the orientation-orbifold dilaton vector and the 
dilaton therefore falls in the class 0+ (see Eq. ()6.23|) ) of orientation-orbifold operators. 



6.4 The Twisted Einstein Equations of Open-String Sector 

The two-component Einstein equations in Eq. (j6.7|) are easily reexpressed in terms of the 
corresponding Riemannian eigenfields, and then the principle of local isomorphisms gives 
the orientation-orbifold Einstein equations 

Rn{r)iJ,u;n{s)uv{,'^) ~l~ 

~l" 'gHn[t)8w;n{r)fiu ^'^'^ {x)H ^ ^ n{q)ex;n{s)vv{i') '^'^n{r)fiu4'n{s)uv{x) = (6.30a) 
{Vn(t)5u, - 2k{t)5u,{x)^ i^"^*^^"n(r-)^«;n(.)..(x) = (6.30b) 

for each open-string sector h^j of Am{HJ)/ H . When the corresponding untwisted Einstein 
fields solve the untwisted Einstein equations, the principle of local isomorphisms guarantees 
that the explicit forms of the twisted fields in Eqs. ()5.18|) and ()6.27p solve the orientation- 
orbifold Einstein equations. 
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As always, the orientation-orbifold Einstein equations ()6.30|) have only two independent 
components in the two-dimensional space, and the reduced two-component form of this 
system is 

R^:Lnis).(^) + hi2HlS)^^^^^^^^^^ (6.31a) 

u=0 

where we have used the identity in Eq. ()(i.25cj) . The different numerical factors here are 
the result of performing internal sums on u, v indices. 

We know that the orientation-orbifold Einstein equations ()6.30|) . ()6.31|) hold in each 
open-string sector h„ when the original untwisted closed string theory was conformal 
through one loop. Moreover, Ref. jlSj gives a general argument (starting from any con- 
formal closed string theory) that each resulting open-string orientation-orbifold sector /ig. 
always contains the full orbifold Virasoro algebra 

[L„(m + |),L,(n+|)] = (m-n + V)L„+,(m+n + ^) 

with the characteristically-doubled central charge c = 2c. Therefore one expects that the 
orientation-orbifold Einstein system is the necessary and sufficient condition that the open- 
string orientation-orbifold sector satisfies the orbifold Virasoro algebra through one loop. 
It would be interesting to check this conclusion explicitly at one loop using the Feynman 
diagrams associated to the sigma-model orientation-orbifold action ()5.20|l . 



6.5 Monodromies and Boundary Conditions 

When h"^ = 1, the principle of local isomorphisms also gives us the monodromies of all the 
twisted fields in the orientation-orbifold Einstein equations: 

/i^ = l: automorphic responses — > monodromies (6.33a) 

^nir),u^^ + 27r) = x^M^-(Oe'^^(^+^\ 5„M^„(^ + 27r) = e-''''^'M-^^^d„^r),u{0 (6.33b) 

G':Lnis)M^ + 2-)) = (6.33c) 

B':Lnis).m + 2n)) = e-^-(^^^)5i;) ,^„(,).(x(0) (6.33d) 

+ 2^)) = ^^^^^^"^<V;n(.).;nW.(^(0) (6.33e) 
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R':Lnis).Mt)SM.)M^ + 2-)) = - ' ^^'R':ilMs)MO) (6.33g) 

R':Lnis)M^ + 2-)) = (6.33h) 
0„(r)M«(£(e + 27r)) = e-'^^^^^+^VnCrwl^lO) ^ + ^tt)) = • (6.33i) 



The general rule here, as in space-time orbifold theory, is a negative phase for each down 
index and a positive phase for each up index. We note in particular that the orientation- 
orbifold dilaton, like the space-time orbifold dilaton f^, has trivial monodromy. 

Using the monodromies ()6.33|) along with the world-sheet parities fl5.16|) . ()6.26p in the 
form 

O^\xi-0) = ±i-ird^\m) (6.34a) 
0+ = G, H, the R's, 0, dtd+ and d^O. (6.34b) 
d_ = X, B, f, 0„(r)^n, dtd_ and d^d+ (6.34c) 
we may derive, as above, the following boundary conditions on the twisted fields: 

m n 

For d^^,^^^,:^-f-^^^ix), define N ^ J^^in) -J^ 



i=i j=i 



then OY^(x(0)), Or^(x(0)) = (6.35a 

N 



d^:^\x{'K)) = unless -f^ e Z (6.35b) 



d'L \x{7i)) = unless e Z + ^ . (6.35c) 

We mention in particular that the orientation-orbifold dilaton falls in the class 0+ with 
the specific values N = w = 0. We finally note that as usual, the boundary conditions 
(I6.35ap at ^ = follow directly from world-sheet parity alone, and hence hold for all h^^. 



7 Discussion 

In this paper we have provided a description at the action level of the WZW orientation 
orbifolds, which were constructed at the operator level in Ref. jSH]- We have moreover 
extended this classical description to include the action formulation of a large class of sigma- 
model orientation orbifolds, and their associated orientation-orbifold Einstein equations. 

Directions for future work include the following: 
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1) For the WZW orientation orbifolds it may be possible to find more restrictive boundary 
conditions for tlie basic fields ^ at ^ = vr when h"^^!, consistent with the variational and 
twisted current boundary conditions discussed in the text. Such boundary conditions on 
g may follow by a detailed analysis of the classical equations of motion ()H.2()j) . using the 
known monodromies of the currents, as seen for the free bosonic strings in Ref. and 
Subsec. 5.6. 

2) It may similarly be possible to find more restrictive boundary conditions for the basic 
fields of the coset orientation orbifolds. Additionally, by relaxing our provisional assumption 
that the WZW orientation-orbifold boundary conditions survive the gauging, more general 
variational boundary conditions can also be studied. 

3) More restrictive boundary conditions on the basic fields of the general sigma-model 
orientation orbifolds are particularly desirable - because for /i^ 7^ 1 at ^ = vr we have so 
far only found the variational boundary conditions. As seen for WZW and the free boson 
models, possibilities here include study of various sigma-model analogues of the currents. 

4) As seen for ordinary orbifolds in Ref. ^4^, the linear symmetry conditions im- 
ply selection rules for the coefficients in the moment expansions of the twisted Einstein 
tensors. In ordinary orbifolds such selection rules are known to connect the monodromies 
of the twisted Einstein tensors with the monodromy of the twisted Einstein coordinates 
X. Although we will not pursue this topic here, the corresponding selection rules for the 
orientation orbifolds may similarly connect the boundary conditions of the twisted Einstein 
tensors with those of x. 
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A Useful Identities 

In the computations of the text, we found the following identities useful 




(A.l) 
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(n)/(ri)/ = 5,,(rO/, i,j,ke {0,1} (A.2) 

1 1 
V2j2uJUpjU^ =r^, v^J]t/Jf/(l-p,)f/t = (-l)X, ^ = 0,1 (A.3a) 

i=0 7=0 

1 

Un = r^U, V2Y,uJuJ{U^)r = 5„+.+^,omod 2 (A.3b) 
1 

2"/^ 5^ f/„/ ■ ■ ■ Ujfix') = fix') + (A.3c) 

7=0 

where r are the Pauh matrices and Tq = l is the 2x2 unit matrix. 
B Space-Time Parity in Coset CFTs 

In this appendix, we will study the space-time parities of the Einstein fields G, B and the 
dilaton (p for any g/h coset CFT jUJ [3 ESI 1121 with G/H a. reductive coset space. 

We begin with the well-known form [39-43] of the total G and B fields in the coset CFT: 



{G{x) + B{x))lf = {G{x) + B{x))i, + A{G{x) + B{x))ij (B.la) 

A(G(x) + B{x)),, = -2ie{xyGac){eix)i'G-jX-\xf (B.lb) 

^Wa& = G'aS - ^(^)a6> = (B.lc) 

i, j = 1 . . . dim g, a,b = 1 ... dim g, a,b = 1 .. .dim h . (B.ld) 



Here the quantities G{x), B{x),e{x),e{x) and Q{x) are the standard WZW quantities in 
Eq. ()4.1|) . The tangent-space metric Gab of g is block diagonal in h and g/h and is 
the invertible induced metric on h G g. We already know (see Eq. ()4.6b|) ) that the WZW 
metric and B field exhibit the space-time parities 

Gij{-x) = Gi,{x), Bij{-x) = -Bi,{x) (B.2) 

so it is only necessary to study the extra contributions /S.{G + B) in ()B.lb|) . 

In this discussion the following identities are useful 

f]^(x),e = n{x),a = ^{x)/Gda = n-\x)/Gd, = (^'^(x),, (B.3a) 

n{-x)ab=^'\x)ab = ^^{x)ab (B.3b) 

e{-xy = -e{x)i\ e{-xy = -e{xy (B.3c) 
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where superscript T is transpose. Because G/H is reductive, all these relations can be 
restricted to h, e. g. 

Q{x)/g^, = Q-\xU^G^, (B.4) 

and it follows that: 

= X-\-xf = X-'^{xf. (B.5) 

Then we may compute 

A{G{-x) + B{-x)),, = ~2{e{-x),''Gac){e{-x)i'Gy)X~\-xf (B.6a) 

= -2(e(a:).'^Gaa)(e(x)/G^,0^-i^(a:)^'^~ 

= -2(e(x)/G'ae)(e(x)/G'y)X-i(x)'^'^" 

= A(G(x) + B{x)),i (B.6b) 

and this result implies the space-time parities of AG and AB separately 

AG,,{-x) = AG,,{x), AB,,{-x) = -AB,,{x) (B.7) 

because they are respectively the symmetric and antisymmetric parts of A(G + B). 
The final result for the space-time parities of the total coset G and B 

Gf{-x) = Glfix), Bf{~x) = -Bf{x) (B.8) 

then follows immediately from Eqs. ()B.2|1 and ()B.7j) . 

The formula for the coset dilaton is also well-known [39-43,50] 

= -ilndet(X(x)), = V,0(x) = (B.9) 

where this (pi is the special dilaton vector associated to the dilaton. The space-time parities 
of the dilaton and dilaton vector 

= -ilndet(X^(x)) = 0i(-a;) = (B.IO) 



follow immediately from Eq. ()B.5|) . 

These space-time parities and the discussion of the Subsecs. 5.1 and 6.1 show explicitly 
that all (reductive) g/h coset CFTs admit the basic orientation-reversing automorphism, at 
least through one loop. We know of course from the operator form of the coset orientation- 
orbifold stress tensors in Eq. ()5.34|) that the basic orientation-reversal is an automorphism 
of the coset CFT to all orders. 
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